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1 Introduction

In evaluating the impact of a treatment on an outcome, applied economists often want to move beyond

the total effect and understand how it operates. Does a job training program improve earnings by in-

creasing educational attainment? Do improved neighborhoods affect children’s outcomes by reducing

exposure to poverty? Does education improve health through behavior or through income? In many such

settings, researchers have a credible instrument for the treatment T and can estimate its effect on both

an intermediate variable M and a final outcome Y . Yet standard instrumental variable methods cannot

quantify what share of the total effect on Y operates through the mediator M . The challenge is not only

technical: policy often targets mechanisms rather than treatments, so identifying which channels matter

is central to implementing effective evaluations.

The main difficulty in moving beyond the total effects stems from a fundamental identification prob-

lem. With a single instrument that shifts the treatment but does not directly shift the mediator, all

instrument-induced variation in M operates through T . As a result, we never observe variation in the

mediator holding the treatment fixed. However, this is exactly the variation needed to separate the direct

effect of T on Y from the indirect effect through M . Without it, many different decompositions of the

total effect are consistent with the data. This intuition is formalized as a non-identification result in

Section 2.

Existing approaches resolve this problem by adding either instruments or assumptions. The two-

instrument method of Frölich and Huber (2017b) and Rudolph et al. (2024) relies on a second instrument

that shifts the mediator independently of the treatment. While conceptually straightforward, this require-

ment is often difficult to satisfy in practice. Moreover, when different instruments identify different local

average treatment effects, the resulting decomposition may correspond to different complier populations,

complicating interpretation. Sequential ignorability (Imai et al., 2010, 2013) instead assumes that the

mediator is as good as randomly assigned conditional on treatment and covariates. This effectively rules

out unobserved confounding between M and Y , which is rarely credible when the mediator is itself an

outcome influenced by unobservables that also affect Y . These approaches therefore illustrate a com-

mon trade-off: either require additional instruments, or impose strong exogeneity assumptions on the

mediator. Our approach takes a different route. Rather than requiring a second instrument or assuming

that the mediator is exogenous, we maintain endogeneity of both the treatment and the mediator, but im-

pose structure on how unobservables link treatment and outcome. This shifts the identifying assumption

away from the mediator-outcome relationship and onto the nature of confounding itself.

This paper shows that mediation analysis with a single instrument becomes feasible once one im-

poses such structure on the source of confounding. We introduce the condition of mediated confounding:

the unobserved determinants of the treatment are independent of the unobserved determinants of the out-

come, while the mediator may remain correlated with both. The key point is that both T and M remain

endogenous. The assumption does not eliminate endogeneity; instead, it restricts how unobservables

link treatment and outcome, requiring that any such link operates entirely through the mediator. In this

sense, the assumption targets exactly the source of the identification problem described above.

The identifying mechanism has a simple intuition. Under mediated confounding, the instrument can

be used twice. First, it shifts the treatment in the usual way. Second, once we condition on the treatment,

it generates variation in the mediator that is independent of the outcome. The reason is that conditioning
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on T induces a statistical relationship between the instrument and the unobserved determinants of the

mediator, while the restriction on confounding ensures that the instrument remains exogenous for the

outcome. This creates a valid source of variation for identifying the effect of the mediator. We formalize

this argument and show that, under mediated confounding, the instrument is both exogenous for the

outcome conditional on the treatment (Proposition 1) and relevant for the mediator conditional on the

treatment.

We formalize this argument in a linear framework and show that all components of the mediation

decomposition are identified using a single instrument. Under mediated confounding, the instrument is

exogenous for the outcome conditional on the treatment and relevant for the mediator conditional on

the treatment, allowing us to recover both the direct effect of T on Y and the effect of M on Y . The

resulting decomposition is internally consistent: the sum of direct and indirect effects coincides with the

standard Wald ratio (Corollary 1). Estimation can be implemented using familiar two-stage least squares

procedures. In practice, this amounts to instrumenting the mediator using the original instrument while

controlling for the treatment, so that the approach can be applied using standard econometric software.

We extend the analysis beyond linearity using the local instrumental variable approach of Heckman

and Vytlacil (1999). In this setting, mediation effects are identified from changes in conditional expec-

tations with respect to the propensity score. A key distinction from standard treatment effect analysis is

that mediation operates through two stages: the instrument first shifts treatment participation and then

alters the distribution of the mediator within treatment strata. As a result, mediation effects are identified

from curvature in these conditional expectations rather than from their slope (Theorem 2).

When the instrument is binary, this logic simplifies. The conditional Wald ratio identifies a local

mediator effect within each treatment stratum under mediated confounding, treatment monotonicity, and

a compositional mediator monotonicity condition that is weaker than the standard requirement M(1) ≥
M(0) (Theorem 3). Because both direct and indirect effects are identified from the same source of

variation, they correspond to the same complier population.

The identifying assumption is stronger than standard IV conditions and must be assessed carefully in

applications. We provide two complementary tools for this purpose. First, when additional instruments

are available, we develop specification tests that directly evaluate whether the data are consistent with

mediated confounding. These include tests of overall model fit as well as tests that isolate the moment

condition implied by the assumption. Second, in the baseline case with a single instrument, we develop a

sensitivity analysis that quantifies how large a violation of the assumption would need to be to overturn

the estimated mediator effect. This approach adapts the omitted variable bias framework of Cinelli

and Hazlett (2024) to the conditional IV setting, providing a transparent and interpretable measure of

robustness.

These tools are particularly useful in the common empirical setting where a researcher has a cred-

ible instrument for the treatment but no separate instrument for the mediator. In such cases, standard

IV methods identify total effects but provide little guidance on mechanisms. Our framework allows

researchers to assess whether a proposed mediator can account for the treatment effect and to quantify

the importance of alternative channels when it cannot.

To evaluate the performance of the approach, we conduct simulation exercises similar to the de-

sign of Frölich and Huber (2017b). We compare the single-instrument estimator directly to their two-

instrument benchmark. The simulations show that the proposed method recovers comparable estimates
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for both direct and indirect effects. At the same time, they highlight an important practical consider-

ation: because identification relies on conditional variation in the mediator, the conditional first stage

can be substantially weaker than the standard first stage. This underscores the importance of reporting

conditional first-stage diagnostics and using robust inference when necessary.

We also illustrate the empirical usefulness of the approach by applying it to seven existing IV settings

from economic history, political economy, development, labor, and program evaluation. The applica-

tions revisit studies in which researchers have a credible instrument for a treatment and a substantively

important candidate mediator, but typically no separate instrument for the mediator. Across these set-

tings, the estimator recovers the original total IV effects and decomposes them into direct and indirect

components using the same source of variation. The results show that the method can summarize mech-

anism evidence in a transparent way, while the conditional first-stage and sensitivity diagnostics clarify

when the mediated channel is strongly supported by the data and when it should be interpreted more

cautiously.

This paper contributes to a growing literature on mediation analysis in instrumental variable settings.

Existing approaches differ in the margin on which they impose identifying structure. The two-instrument

approach, in which separate instruments shift the treatment and the mediator, is developed by Frölich

and Huber (2017b) and extended by Rudolph et al. (2024). Several contributions study settings with an

exogenous treatment and an instrument for the mediator, including Robins and Greenland (1992), Mattei

and Mealli (2011), Imai et al. (2013), and Attanasio et al. (2020). Other work considers an endogenous

treatment with an instrument for the mediator under parametric assumptions (Dunn and Bentall, 2007;

Albert, 2008; Small, 2012; Chen et al., 2019; Joffe et al., 2008). In the education–health mediation

literature, Brunello, Fort, Schneeweis and Winter-Ebmer (2016) decompose the effect of education on

health into channels through health behaviors. Their decomposition relies on a selection-on-observables

strategy combined with aggregation and gender-differencing; their instrumental-variables analysis, by

contrast, estimates only the total effect, since the absence of a credible instrument for health behaviors

prevents IV from decomposing the gradient. Our MCA framework addresses precisely this gap—it

permits a mediation decomposition with a single instrument for the treatment alone, without requiring

a second instrument for the mediator. Heckman et al. (2013) decompose long-run treatment effects

in a randomized intervention into channels operating through latent skill factors identified by multiple

imperfect measurements—a methodologically distinct approach that applies to a different data setting

from ours.

Our approach differs in how it resolves the identification problem. Rather than introducing additional

instruments or assuming that the mediator is exogenous, we maintain endogeneity of both the treatment

and the mediator but impose structure on how unobservables link treatment and outcome. In partic-

ular, while sequential ignorability restricts the mediator-outcome relationship, and multi-instrument

approaches introduce additional sources of variation, our framework instead restricts the treatment-

outcome link, leaving the mediator-outcome relationship unrestricted. In this sense, our approach com-

plements existing methods by trading off additional identifying structure for weaker data requirements,

while preserving a setting that is close to standard IV applications.

More broadly, our framework relates to a large applied literature that studies mechanisms by exam-

ining intermediate outcomes. While such analyses are often informal, our approach provides a formal

framework for assessing whether a proposed mediator can account for the observed treatment effect and
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for quantifying the contribution of alternative channels. In contrast to work that focuses on testing or

bounding the role of mechanisms, we directly identify mediation effects under a single instrument by

imposing structure on the source of confounding.

The remainder of the paper proceeds as follows. Section 2 presents the IV framework and the

identification challenge. Section 3 introduces the mediated confounding assumption. Section 4 develops

identification and estimation in the linear model. Section 5 presents specification tests and sensitivity

analysis. Section 6 extends the framework beyond linearity. Section 7 presents simulation evidence.

Section 8 discusses empirical applications. Section 9 concludes.

2 The Identification Problem in IV Mediation

We begin by presenting the standard IV framework and then formalizing the identification problem that

arises when a mediator is introduced. The key point is that, with a single instrument, the total effect of

the treatment is identified, but its decomposition into direct and indirect components is not.

Regularity assumptions. All observables and potential outcomes are random variables defined on a

common probability space whose joint distribution admits regular conditional distributions with respect

to every conditioning variable used in the paper. Conditional moments exist and are finite whenever

invoked. Equalities, inequalities, and independence relations between conditional distributions are un-

derstood to hold almost surely with respect to the marginal distribution of the conditioning variables.

Notational convention for conditional dependence. For any random variables V , W , and U , we

write V ⊥̸⊥ W | U to mean that the conditional distribution of W given (V,U) is a non-trivial function

of V on a positive-probability subset of U : there exist values v ̸= v′ of V such that

Pr(W ∈ A | V = v, U) ̸= Pr(W ∈ A | V = v′, U) for some Borel event A,

on a set of U -values with positive measure. This formulation covers categorical, continuous, and mixed-

type variables. Under linearity with finite second moments, it is implied by—and equivalent to—the

covariance form Cov(V,W | U) ̸= 0. The relation V ⊥⊥ W | U is read analogously: the conditional

distribution of W given (V,U) does not vary with V , almost surely in U .

2.1 Baseline IV Framework

We consider an endogenous treatment T ∈ T , an outcome Y ∈ R, an instrument Z ∈ Z , and a

vector of observed covariates X . Let Y (t) denote the potential outcome under treatment level t, T (z)

the potential treatment under instrument value z, and Y (t, z) the potential outcome under the joint

intervention (T,Z) = (t, z). The core instrumental-variables assumptions require the instrument to

satisfy three conditions:

Exclusion Restriction: Y (t, z) = Y (t) for all (t, z) ∈ T × Z, (1)

Exogeneity: Z ⊥⊥
(
{Y (t)}t∈T , {T (z)}z∈Z

) ∣∣∣X, (2)

Relevance: Z ⊥̸⊥ T
∣∣X. (3)
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Substantively, exclusion (1) requires that Z affects Y only through T ; exogeneity (2) requires that,

conditional on X , the instrument is as good as random; and relevance (3) requires that Z generates

variation in T after partialling out X . Under (1)–(3), the Wald estimand

Cov(Y, Z | X)

Cov(T,Z | X)

is well-defined. Its causal interpretation requires one additional identifying assumption: linearity of the

structural equations identifies the average treatment effect; monotonicity of the treatment response in Z

identifies the local average treatment effect; separability of the selection equation identifies the marginal

treatment effect. The choice among these assumptions determines the causal parameter but does not

affect the mediation identification problem studied below.

2.2 Introducing the Mediator and the Decomposition

We now introduce a mediator M ∈ M, a variable caused by treatment T that in turn causes outcome

Y . Let M(t) denote the potential mediator under treatment level t, and Y (t,m) denote the potential

outcome under treatment t and mediator m. The total effect of the treatment can be decomposed into

a direct effect—the component operating through channels other than M—and an indirect effect—the

component operating through the causal chain T → M → Y . Following Robins and Greenland (1992)

and Imai et al. (2010), define the natural direct and indirect effects at reference treatment level t:

NDE(t) ≡ E
[
Y (1,M(t))− Y (0,M(t))

]
, (4)

NIE(t) ≡ E
[
Y (t,M(1))− Y (t,M(0))

]
. (5)

The total effect admits two equivalent decompositions: TE = NDE(0) + NIE(1) = NDE(1) +

NIE(0). The two decompositions coincide when the direct effect does not depend on the mediator’s

potential value—that is, when there is no treatment–mediator interaction. Under the linear model de-

veloped below, this decomposition simplifies: the direct effect corresponds to the coefficient on the

treatment, and the indirect effect corresponds to the product of the treatment-mediator effect and the

mediator-outcome effect.

2.3 IV with a Mediator: What Is Identified

The extended core IV assumptions for the mediation setting are:

Mediation Exclusion: M(t, z) =M(t) and Y (t,m, z) = Y (t,m) for all (t,m, z), (6)

Mediation Exogeneity: Z ⊥⊥
(
{Y (t,m)}(t,m)∈T ×M, {M(t)}t∈T , {T (z)}z∈Z

) ∣∣∣X, (7)

Mediation Relevance: Z ⊥̸⊥ T
∣∣X. (8)

Mediation exclusion strengthens the standard exclusion restriction by requiring that the instrument

affects neither the mediator nor the outcome directly: all effects operate through the treatment. Media-

tion exogeneity extends the independence condition to all potential outcomes, including those involving

the mediator.
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Table 1: The Identification Problem of Mediation Analysis with IV

A. Graphical Representation

Model I: Model II: Model III:
Intermediate Outcome M Final Outcome Y Structural Mediation Model

εT

T M

εM

Z

εT

T YZ

εY εT

T M Y

εM

Z

εY

B. Model Equations

T = fT (Z, εT ) T = fT (Z, εT ) T = fT (Z, εT ), M = fM (T, εM )
M = fM (T, εM ) Y = fY (T, εY ) Y = fY (T,M, εY )
Z ⊥⊥ (εT , εM ) Z ⊥⊥ (εT , εY ) Z ⊥⊥ (εT , εM , εY )

Notes: (a) Model I is the standard IV model enabling identification of the causal effect of T on M . Model II is the standard
IV model enabling identification of the causal effect of T on Y . Model III is the IV Mediation Model with instrumental
variable Z. (b) Panel A gives the DAG representation. Causal relationships are depicted by arrows, dashed lines denote
statistical dependency, circles represent unobserved variables, and squares denote observed variables. Panel B presents the
nonparametric structural equations. Conditioning variables are suppressed.

Under these conditions, the IV framework can be represented by three related models shown in

Table 1. Model I treats the mediator as the outcome and identifies the causal effect of T on M . Model II

treats the final outcome as the dependent variable and identifies the total effect of T on Y . Model III

combines both relationships in a single mediation system.

Standard IV methods identify the treatment–mediator effect by treatingM as the outcome (Model I),

and the total effect of the treatment on the outcome (Model II). These correspond to the two margins

along which the instrument generates variation. However, these results do not extend to the full medi-

ation model (Model III). The causal effect of the mediator on the outcome—the parameter required to

separate direct and indirect effects—is not identified. The reason is that all instrument-induced variation

in the mediator operates through the treatment, so the data contain no independent variation in the media-

tor holding the treatment fixed. Without such variation, the direct effect of T on Y and the indirect effect

through M cannot be disentangled. Thus, while the IV framework identifies the treatment–mediator ef-

fect and the total effect, it does not identify the decomposition of the total effect into direct and indirect

components. In summary, the instrument shifts the treatment, and the treatment in turn shifts the media-

tor. As a result, all variation in the mediator induced by the instrument is mechanically tied to variation

in the treatment.

Separating direct and indirect effects requires variation in the mediator that is not tied to the treat-

ment. In the present setting, such variation is not observed. Any change in the mediator induced by the

instrument necessarily reflects a change in the treatment, so it is impossible to isolate the effect of the

mediator holding the treatment fixed. The next subsection formalizes this non-identification result in a

linear framework.
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2.4 Non-Identification in the Linear Model

We formalize the identification failure under linearity. The IV mediation model is:

Y = α + τT + θM + Xβ + εY , (9)

M = γ0 + γT + Xγ2 + εM , (10)

T = π0 + Zπ1 + Xπ2 + εT , (11)

Z ⊥⊥ (εT , εM , εY )
∣∣X, (12)

where εY , εM , εT stand for unobserved error terms and the remaining Greek letters denote model coef-

ficients. Two objects are identified under (9)–(12). First, since equations (10)–(11) constitute a standard

IV model, the treatment-mediator effect γ is identified by 2SLS of M on T using Z as instrument:

γ =
Cov(Z,M | X)

Cov(Z, T | X)
.

Second, substituting (10) into (9) yields the reduced form

Y = α̃ + τ total T + Xβ̃ + ε̃, where τ total ≡ τ + θγ and ε̃ ≡ εY + θεM . (13)

Since Z ⊥⊥ (εY , εM ) | X implies Z ⊥⊥ ε̃ | X , the total effect τ total is identified by 2SLS of Y on T :

τ total =
Cov(Z, Y | X)

Cov(Z, T | X)
.

Although γ and τ total = τ + θγ are identified, the direct effect τ and the mediator effect θ are not sepa-

rately identified. To verify observational equivalence at the level of the IV moments, fix any alternative

(τ ′, θ′) with τ ′ + θ′γ = τ total and define the implied outcome residual

ε′Y ≡ εY + (τ − τ ′)T + (θ − θ′)M.

Substituting (10)–(11),

ε′Y = εY + (θ − θ′) εM +
[
(τ − τ ′) + (θ − θ′)γ

](
π0 + π1Z +Xπ2 + εT

)
+ (θ − θ′)(γ0 +Xγ2),

and the bracketed coefficient equals (τ +θγ)− (τ ′+θ′γ) = 0. Hence ε′Y depends only on (εM , εY , X),

so Cov(Z, ε′Y | X) = 0 and the parametrization (τ ′, θ′, γ) satisfies the same IV moment conditions as

(τ, θ, γ). Under γ ̸= 0, the observational-equivalence family {(τ ′, θ′) : τ ′ + θ′γ = τ total} has both

coordinates varying, so neither τ nor θ is separately identified.1

The source of the failure is that the instrument has no valid first stage for the mediator residualR: all

variation in M that Z can explain operates through T , leaving no independent leverage to identify θ. No

standard estimation strategy circumvents this problem. If T were exogenous, OLS of Y on T omittingM

would recover τ total, while including M would be inconsistent for (τ, θ) because Cov(εM , εY | X) ̸= 0

1The degenerate case γ = 0 (no mediation channel) is excluded from the hypothesis because the indirect effect θγ is identically
zero, so τ = τ total is point-identified and only θ is unidentified (the IV moment E[Z(Y − τT − θM) | X] = 0 loses its
dependence on θ when Cov(Z,M | X) = γ Cov(Z, T | X) = 0). The proposition’s claim of joint non-identification is the
substantively interesting case in which a genuine mediation channel exists.
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renders M endogenous—a bad control problem. When T is endogenous, 2SLS of Y on T using Z

as instrument yields Cov(Y,Z)/Cov(T,Z) = τ total, since all covariation between Z and M operates

through T . Estimating the structural equation (9) directly—2SLS of Y on (T,M) with Z as the sole

instrument—is infeasible, as the first-stage predicted values M̂ and T̂ are collinear: all variation in M̂

derives from T̂ . Identification of θ and τ therefore requires an additional assumption that breaks this

collinearity in the instrument’s moment conditions. The mediated confounding assumption of Section 3

does precisely this and provides identification.

3 The Mediated Confounding Assumption

We define the mediated confounding assumption (MCA) in Section 3.1 and compare it with sequen-

tial ignorability. Section 3.2 gives the graphical and structural interpretation. Section 3.3 derives the

two operational consequences—conditional exogeneity and conditional relevance of the instrument for

the mediator. Section 3.4 establishes equivalence to error-term independence in the linear model. Sec-

tion 3.5 surveys alternative identification strategies and explains why the paper adopts MCA.

3.1 Definition and Formal Statement

All instrument-driven variation in M operates through T , leaving the instrument unable to disentangle

the direct and indirect effects of T on Y (Section 2). We resolve this by imposing structure on the source

of endogeneity.

Assumption 1 (Mediated Confounding Assumption). The unobserved determinants of treatment are

independent of the unobserved determinants of the outcome:

{Y (t,m)}(t,m)∈T ×M ⊥⊥ {T (z)}z∈Z
∣∣ X. (14)

MCA (14) requires that the unobserved factors governing an individual’s treatment response—how

the individual’s treatment varies with the instrument—be statistically independent of the unobserved

factors governing the potential outcomes—what the outcome would be under any fixed combination

of treatment and mediator. Any association between treatment-determining and outcome-determining

unobservables must operate entirely through the mediator M .

Mediated confounding constrains the source of confounding, not its existence: both T and M re-

main endogenous. Specifically, T ⊥̸⊥ (M(t), Y (t)) and M ⊥̸⊥ Y (t,m) | T continue to hold under

MCA (14). This stands in sharp contrast with sequential ignorability (Imai et al., 2010), which as-

sumes Y (t′,m),M(t) ⊥⊥ T | X and Y (t′,m) ⊥⊥ M | T,X—effectively ruling out all unobserved

confounding between T , M , and Y and rendering both T and M exogenous. Mediated confounding

rules out only the unobserved confounding between T and Y that does not pass through M . In the

language of potential outcomes, sequential ignorability restricts the mediator–outcome link; mediated

confounding restricts the treatment–outcome link. This distinction carries practical consequences: the

mediator is typically an early outcome subject to the same unobservables that drive the final outcome,

making the mediator–outcome restriction difficult to justify. By contrast, mediated confounding leaves

the mediator–outcome link unrestricted and imposes structure only on the relationship between treatment

selection and outcome determination.
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An Applied Illustration. Consider the effect of completing college (T ) on health (Y ) with health be-

haviors (M )—such as smoking, exercise, and diet—as mediator, using tuition discounts as instrument

(Z). Mediated confounding requires that the factors governing an individual’s college completion re-

sponse to tuition discounts—such as family wealth, proximity to a college, and parental education—be

independent of the factors governing her health potential at any fixed combination of education and

behavior—such as genetic health endowment, local healthcare quality, and environmental exposures.

This is plausible when the determinants of college completion are socioeconomic in nature while the

determinants of baseline health are biological or environmental, and any socioeconomic–health link

operates through the mediating behavior. The assumption would fail if, for example, individuals from

low-wealth families both fail to complete college despite tuition discounts and have worse health through

channels unrelated to the mediator—such as a direct effect of childhood poverty on chronic disease risk

that is not captured by the health behavior measure M .

3.2 Graphical and Structural Interpretation

Table 2 presents two equivalent representations of the mediated confounding model. The left panel

displays the DAG in terms of error terms: the key feature is the absence of the dashed line between

εT and εY —these error terms are independent—while the correlations εT ⊥̸⊥ εM and εM ⊥̸⊥ εY are

preserved. Compared with Model III in Table 1, mediated confounding removes exactly one of the

three pairwise error dependencies. The right panel offers a structural interpretation: in the unrestricted

model, one can think of an unobserved confounding vector V simultaneously affecting T , M , and Y .

MCA (14) splits V into two independent components V = [VTM ,VMY ], where VTM drives (T,M)

while VMY drives (M,Y ). This separation captures the essence of mediated confounding: unobserved

confounders exist, but those driving treatment selection are distinct from those driving the outcome, with

all confounding between treatment and outcome operating through the mediator.

Table 2: The Mediated Confounding IV Mediation Model

DAG Representation Alternative Representation

εT

T M Y

εM εY

Z

VTM

T M Y

VMY

Z

Notes: The DAG displays the mediated confounding IV mediation model. Compared to Model III in Table 1, the dashed line
between εT and εY is absent, indicating εT ⊥⊥ εY . Under this model, treatment T remains endogenous, mediator M remains
endogenous conditional on T , but the instrument Z is exogenous with respect to Y (t,m) conditional on T .

3.3 Key Properties: Conditional Exogeneity and Relevance

MCA (14) delivers two operational properties of the instrument. First, it generates a new exogeneity

condition: the instrument is valid for the outcome conditional on the treatment. Second, it creates a

conditional relevance channel: despite the exclusion restriction, the instrument becomes predictive of

the mediator once we condition on the treatment:
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Proposition 1 (New Instrument). Under the mediation IV conditions (6)–(8) and MCA (14), the follow-

ing conditions hold:2

Conditional Exogeneity: Z ⊥⊥ Y (t,m)
∣∣ (T,X) for all (t,m) ∈ T ×M, (15)

Conditional Relevance: Z ⊥̸⊥ M
∣∣ (T,X). (16)

The proof is in Appendix A.

Conditional exogeneity is the direct consequence of MCA (14). In the structural model of Table 2,

conditioning on T as a collider on the path Z → T ← εT correlates the instrument with the treatment

error εT . In the unrestricted model, this conditioning-induced dependence would propagate to the out-

come through the error link εT ⊥̸⊥ εY , breaking the exogeneity of Z for Y given (T,X). MCA (14)

closes precisely this channel by imposing εT ⊥⊥ εY | X: the dependence between Z and εT that con-

ditioning on T creates cannot reach εY , so the instrument remains valid for the outcome conditional on

the treatment, even though T itself remains endogenous.

Conditional relevance is a direct consequence of the collider effect and does not require MCA (14).

In the structural decomposition of Table 2, the treatment T is a common effect of Z (through the first

stage) and the confounding vector VTM . By Berkson’s principle, conditioning on T—a collider on the

path Z → T ← VTM—induces a statistical dependence between Z and VTM . Since VTM enters the

mediator equation, this dependence transmits to M , making Z predictive of the residual variation in M

given (T,X).

Remark 1 (The Inherited Instrument). The origin of the new instrument is best understood by consider-

ing the sub-DAG of Table 2 containing onlyM , Y , and the confounder VMY . In this reduced model, the

unobserved confounder VTM satisfies both conditions of a valid instrument for M : it shifts M through

the VTM → M path (relevance) and is independent of VMY under MCA (14) (exogeneity). Although

VTM is unobserved, the collider mechanism makes Z a proxy for VTM conditional on T , allowing Z

to inherit these instrumental properties.

Proposition 1 establishes that under mediated confounding, the instrument Z satisfies both exo-

geneity and relevance for identifying the causal effect of M on Y , using T as a conditioning variable.

Mediated confounding thus transforms a single treatment instrument into a valid instrument for both the

treatment and the mediator.

3.4 Equivalence in the Linear Model

In the linear mediation model (9)–(12), the potential-outcome condition (14) reduces to a transparent

restriction on the structural errors.

Proposition 2 (Linear Equivalence). In the linear mediation model (9)–(12), MCA (14) is equivalent to

conditional independence of the treatment and outcome errors:

εT ⊥⊥ εY
∣∣ X. (17)

2The proof in Appendix A invokes the graphoid axioms (symmetry, decomposition, weak union, contraction) of Dawid (1979),
valid for any probability distribution admitting regular conditional distributions, as maintained by the standing regularity
assumptions of Section 2.
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The proof is in Appendix A.

Proposition 2 translates the potential-outcome condition into a single restriction on the structural

errors: the unobservables governing treatment selection (εT ) must be independent of those governing

the outcome (εY ). In particular, Cov(εT , εY | X) = 0. The remaining error correlations are unrestricted:

Cov(εM , εT | X) ̸= 0 and Cov(εY , εM | X) ̸= 0. (18)

Both conditions are required for the mediation problem to be nontrivial. The first generates the shared

unobservable variation between T and M that powers the collider mechanism; the second ensures that

the mediator remains endogenous with respect to the outcome. Neither is implied by MCA (14)—

they are separate requirements on the error structure. A simple parametric example satisfying all three

restrictions is εM = ε+ αεT + (1− α)εY , with α ∈ (0, 1) and ε, εT , εY mutually independent.
To connect this representation to the identification argument above, we now show how the key

properties of Section 3.3 arise in the linear model. Under (17) and (18), the conditional exogeneity
(Proposition 1) and conditional relevance properties take an instructive algebraic form. For conditional
exogeneity, the partial-covariance identity gives:

Cov(Z, εY | X,T ) = Cov(Z, εY | X)︸ ︷︷ ︸
=0

− Cov(Z, T | X)Var(T | X)−1 Cov(T, εY | X)︸ ︷︷ ︸
= Cov(εT ,εY |X)= 0

= 0, (19)

so conditioning on T does not induce a spurious correlation between Z and εY : the component of T

driven by the instrument (via εT ) is uncorrelated with the outcome error by (17).
For conditional relevance:

Cov(Z, εM | X,T ) = Cov(Z, εM | X)︸ ︷︷ ︸
=0

− Cov(Z, T | X)Var(T | X)−1 Cov(T, εM | X)︸ ︷︷ ︸
= Cov(εT ,εM |X) ̸=0

̸= 0, (20)

since Cov(Z, T | X) ̸= 0 by instrument relevance (3) and Cov(εT , εM | X) ̸= 0 by (18). This is the

collider mechanism in algebraic form: conditioning on T—a common effect of Z and εT—transmits

the dependence εT ⊥̸⊥ εM into a conditional dependence between Z and εM , making the instrument

predictive of residual mediator variation.

3.5 Investigating Alternative Identification Strategies

The IV mediation model identifies the total effect of T on Y and the effect of T on M , but not the

decomposition of the total effect into direct and indirect components using the instrument alone (Sec-

tion 2). We therefore study which additional restrictions can identify the causal effect of M on Y while

preserving the endogenous mediation problem.

We restrict attention to single-instrument identifying restrictions based on independence relations

among the structural errors (εT , εM , εY ). Any admissible restriction must be compatible with the main-

tained conditions (6)–(8), preserve treatment–mediator and mediator–outcome endogeneity, and identify

the causal effect of M on Y using only the instrument Z.

Appendices B and C study a class of pairwise marginal and conditional independence restrictions.

The analysis shows that most such restrictions fail to deliver identification while preserving the en-

dogenous mediation structure. In particular, restrictions that eliminate treatment–mediator or mediator–

outcome dependence remove the variation required for identification, while others fail to generate a valid
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instrument for the mediator.

Within this class, exactly two restrictions satisfy the requirements above. The first is mediated con-

founding, εT ⊥⊥ εY , which identifies the mediator effect through the conditional IV argument developed

in Section 3.3. The second is εM ⊥⊥ εY | εT , which identifies the mediator effect through a control-

function approach (see Appendix C).

We adopt MCA for three reasons. First, MCA does not require the additional assumptions com-

monly invoked by the control-function approach—inversion of the treatment equation through a strictly

monotone reduced form, continuity of the endogenous treatment, or support conditions—and therefore

remains available in settings with binary, discrete, or mixed treatments. Second, MCA is the more trans-

parent restriction: it states that the unobserved determinants of treatment selection are independent of

the unobserved determinants of the outcome, while leaving mediator–outcome endogeneity intact. Most

importantly, MCA leads directly to the conditional IV setting described in 1. Thus, it benefits from the

extensive econometric advances of the IV literature: monotonicity/separability conditions, 2SLS estima-

tion, specification tests, and sensitivity analysis (Sections 5–6). The restriction εM ⊥⊥ εY | εT remains

a valid alternative; Appendix C develops the control-function argument and discusses the additional

structure it requires.

4 Identification and Estimation under Linearity

This section develops the identification argument and estimation theory under linearity. Under MCA (14)

and the standard IV conditions, all four mediation parameters of the linear model (9)–(12)—the first-

stage effect π1, the treatment-mediator effect γ, the direct effect τ , and the mediator effect θ—are exactly

identified by a four-equation GMM system (Theorem 1), where MCA yields the key moment condition

E(εi,T εi,Y ) = 0 as an orthogonality restriction. The resulting total effect coincides with the standard

Wald ratio (Corollary 1), and all causal parameters can be estimated by 2SLS regressions, confirming

internal consistency. Section 6 extends these results to nonlinear settings.

4.1 Identification in the Linear Model

Throughout this section, all variables are orthogonalized with respect to [1, X]—that is, we replace

each variable by its residual from the OLS projection on the intercept and covariates. By the Frisch–

Waugh–Lovell theorem, the slope coefficients in the linear mediation model (9)–(12) of Section 2.4 are

unchanged, and the system reduces to:

Ti = π1 · Zi + εi,T , (21)

Mi = γ · Ti + εi,M , (22)

Yi = τ · Ti + θ ·Mi + εi,Y . (23)

Observed data consists of n realizations {zi, ti,mi, yi}ni=1.

The IV conditions require that the instrument shifts treatment while remaining independent of the

error terms:

Zi ⊥̸⊥ Ti and Zi ⊥⊥ (εi,T , εi,M , εi,Y ). (24)
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MCA (14) imposes εi,T ⊥⊥ εi,Y in the linear model (Proposition 2), and in particular E(εi,T εi,Y ) = 0,

while permitting E(εi,T εi,M ) ̸= 0 and E(εi,Mεi,Y ) ̸= 0. As established in Section 3.3, this generates

conditional exogeneity (Zi ⊥⊥ εi,Y | Ti) and conditional relevance (Zi ⊥̸⊥Mi | Ti).
The reduced-form outcome equation is obtained by substituting (22) into (23):

Yi = τ total · Ti + ηi,Y , where ηi,Y = εi,Y + θεi,M and τ total = τ + θγ. (25)

We now show that all structural parameters are identified under these conditions.

Theorem 1 (Identification of Mediation Parameters). Suppose conditions (24), MCA (17), and the rank

conditions

σZZ > 0, π1 ̸= 0, cov(εi,T , εi,M ) ̸= 0 (26)

hold. Then the four parameters δ0 = [π1, γ, τ, θ] are uniquely identified, with closed forms:

π1 =
σZT

σZZ
, (27)

γ =
σZM

σZT
, (28)

θ =
σZTσTY − σTTσZY

σZTσTM − σTTσZM
, τ = −σZMσTY − σTMσZY

σZTσTM − σTTσZM
, (29)

where σAB = E(AiBi) for observed variables A,B ∈ {Z, T,M, Y }.

The three rank conditions in (26) have transparent content: σZZ > 0 is instrument variation, π1 ̸= 0

is instrument relevance, and cov(εi,T , εi,M ) ̸= 0 is treatment–mediator endogeneity—both required for

the collider mechanism analyzed in Section 3. The proof is in Appendix D.

Corollary 1 (Total Effect Decomposition). The total effect decomposes as:

τ total = τ + θγ =
σZY

σZT
. (30)

That is, the sum of the direct effect τ and the indirect effect θγ equals the standard Wald ratio.

The proof is in Appendix D. Corollary 1 confirms internal consistency: the mediation decomposition

recovers the same total effect as standard IV without invoking MCA.

Moment Conditions. Let δ0 = [π1, γ, τ, θ] denote the vector of structural parameters and wi =
[Zi, Ti,Mi, Yi] the observed variables.3 The model implies four orthogonality conditions:

E[gi(wi|δ0)] = 0 where gi(wi|δ0) ≡


Zi · (Ti − π1Zi)
Zi · (Mi − γTi)

Zi · (Yi − τTi − θMi)
(Yi − τTi − θMi) · (Ti − π1Zi)

 (31)

The first three conditions exploit the exogeneity of Z with respect to each structural equation; they

are standard IV moment conditions that hold in Model III of Table 1 regardless of MCA. The fourth
3wi is assumed to be a stationary and ergodic stochastic process.
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condition is the paper’s key identifying restriction. It operationalizes MCA (17) as an orthogonality

condition: the outcome residual εi,Y = Yi − τTi − θMi is orthogonal to the treatment residual εi,T =

Ti − π1Zi. This moment is what distinguishes the system from standard IV—the first three moments

yield three equations in four unknowns; the fourth provides the additional restriction that pins down τ

and θ separately. If MCA fails, the fourth moment has expectation Cov(εi,T , εi,Y ) ̸= 0, which biases θ̂

and τ̂ in a direction determined by the sign and magnitude of the direct treatment–outcome confounding.

Together, the four conditions yield an exactly identified system: four moment equations in four

unknowns, with no overidentifying restrictions. Section 5 develops specification tests that become avail-

able when additional instruments are present.

4.2 Two-Stage Least Squares Estimation

Each identification equation in Theorem 1 corresponds to a standard econometric regression, and the

sample-analogue GMM estimator replaces population covariances by their sample counterparts.4 The

first-stage effect π1 is estimated by OLS of T on Z. The treatment-mediator effect γ is estimated by

2SLS of M on T , using Z as instrument.

The mediator-outcome and direct effects (θ, τ) are estimated by a conditional 2SLS regression of Y

on M and T , using Z as instrument for M conditional on T :

First Stage: Mi = δ1Zi + δ2Ti + ηi,M , (32)

Second Stage: Yi = θ · M̂i + τ · Ti + εi,Y . (33)

Including T in the first stage is the estimation analogue of the collider mechanism: the regression

isolates the component of Z’s predictive power for M that operates through the induced Z–εi,M depen-

dence conditional on T , rather than through the causal chain Z → T →M .

The conditional 2SLS estimator for θ admits a compact representation. Since all variables have

been orthogonalized with respect to [1, X], the Frisch–Waugh–Lovell projection onto T alone suffices.

Define Ỹ ≡ MTY , M̃ ≡ MTM , and Z̃ ≡ MTZ, where MT ≡ In − T (T ′T )−1T ′ is the orthogonal

projection onto the complement of the column space of T . Then:

θ̂ =
Z̃ ′Ỹ

Z̃ ′M̃
. (34)

Conditional relevance ensures Z̃ ′M̃ ̸= 0 asymptotically, and conditional exogeneity (Proposition 1)

ensures E(Z̃ ′εi,Y ) = 0, so θ̂ is consistent for θ. The strength of the conditional first stage—the F -

statistic from the regression of M on Z and T—is a key diagnostic: because the conditional relevance

channel operates through the collider mechanism, it may be substantially weaker than the unconditional

first stage for T , even when the latter is strong. The following remark formalizes this relationship.

Remark 2 (Conditional First-Stage Strength). Let ρTM ≡ Corr(εi,T , εi,M ) and rTZ ≡ Corr(Ti, Zi).

In the linear model (21)–(22), the partial correlation of M and Z conditional on T depends only on the

4A reference Python implementation, iv_mediation_applied.py, is available with the replication materials. The pack-
age implements the conditional 2SLS estimator of this section, the specification tests and κ-based sensitivity analysis of
Section 5, the Olea–Pflueger (Montiel Olea and Pflueger, 2013) effective F -statistic of Remark 2, the quadruple-LASSO
post-double selection of Appendix H, and supports analytic and probability weights, one- and two-way fixed effects, classi-
cal, heteroskedasticity-robust, cluster-robust, and Conley spatial standard errors, and pairs and block bootstrap inference.
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error correlation ρTM and the instrument-treatment correlation rTZ:

rMZ|T =
−ρTM rTZ√

1− ρ2TM (1− r2TZ)
. (35)

The standard first-stage F -statistic of T on Z, the conditional F -statistic for M on (Z, T ) and their

ratio take the closed form:

FTZ = (n− 2)
r2TZ

1− r2TZ

, FMZ|T = (n− 3)
r2TZ ρ

2
TM

1− ρ2TM

, and
FMZ|T

FTZ

n→∞−−−−→
ρ2TM (1− r2TZ)

1− ρ2TM

.

Two implications follow. First, the conditional first stage vanishes when ρTM = 0: without treatment-

mediator confounding, the collider mechanism has no power, and the mediator effect θ is not identified—

confirming the rank condition in Theorem 1. Second, even when FTZ is large, FMZ|T may be small: the

F -ratio is bounded by ρ2TM/(1−ρ2TM ) and decreases in r2TZ . For example, with |ρTM | = 0.3 and rTZ =

0.5, the asymptotic ratio is approximately 0.068, so a standard first-stage FTZ of 100 corresponds to a

conditional first-stage FMZ|T of only 6.8. Researchers should report the conditional first-stage strength

alongside the standard first stage. Because the conditional regression Mi = δ Zi + ξ Ti + νi generally

exhibits heteroskedasticity—the residual variance depends on Ti through the partialling-out step, and

on cluster structure in panel applications—the appropriate diagnostic is the effective F -statistic of Mon-

tiel Olea and Pflueger (2013)—denoted Feff, the first-stage F computed with a heteroskedasticity-robust

(or cluster-robust) variance estimator for Z ′ν. The Staiger–Stock benchmark of F > 10 is a conser-

vative i.i.d. special case; Feff should be compared to the critical values tabulated in Montiel Olea and

Pflueger (2013) for the chosen worst-case bias tolerance τbias (typically τbias = 10% of the OLS bench-

mark). When Feff falls below the relevant critical value, weak-instrument-robust inference—Anderson–

Rubin or conditional likelihood-ratio confidence intervals—should be reported in place of conventional

2SLS standard errors.

Remark 3 (Asymptotic Distribution). Under standard regularity conditions (i.i.d. sampling, finite fourth

moments, correct specification of (31)), the GMM estimator δ̂ = [π̂1, γ̂, τ̂ , θ̂] is consistent and asymp-

totically normal with covariance matrix (G′Σ−1
g G)−1, consistently estimated by the sandwich formula;

see Appendix D. Standard errors for the indirect effect θγ follow from the delta method or bootstrap.

The i.i.d. assumption can be relaxed to accommodate conditional heteroskedasticity (Hayashi, 2000).

Remark 4 (Treatment-Dependent Indirect Effects). The linear model (23) restricts the natural indirect

effect (5) to be constant across treatment levels: NIE(t) = θγ for all t. Appendix E relaxes this by

augmenting the outcome equation with an interaction term ρ · Ti ·Mi, yielding NIE(t) = (θ + ρt)γ.

The interaction parameter ρ is exactly identified under MCA since the product ZiTi serves as an addi-

tional excluded instrument because MCA implies E(ZiTi · εi,Y ) = 0. The model can be estimated by

2SLS, regressing Y on (M,MT ), using (Z,ZT ) as instruments for (M,MT ), with (1, T ) as exoge-

nous regressors. The rank condition for identifying (τ, θ, ρ)—necessary and sufficient—is that the 3× 3

cross-moment matrix between the instruments (Z, T, ZT ) and the endogenous regressors (T,M, TM)

be nonsingular (Appendix E, eq. (114)).
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5 Sensitivity Analysis and Test Limitations under Linearity

MCA (14) is the restriction that separates the direct effect of the treatment from the mediated effect

operating through M . It is therefore natural to ask whether the assumption can be tested. The central

result of this section is negative: with treatment instruments alone, MCA is not testable. The MCA

restriction sets the latent covariance E[εT εY ] to zero, whereas the overidentifying moments generated

by treatment instruments are Z-orthogonality restrictions. These moments can diagnose failures of the

maintained IV model—exogeneity, exclusion, linearity, or parameter stability across values of Z—but

they do not, by themselves, reveal the latent dependence ruled out by MCA.

The source of the difficulty is simple. Under mediation exclusion, any instrument-induced movement

in the mediator is inherited from the treatment first stage:

cov(Zi,Mi) = γ cov(Zi, Ti).

Thus the reduced-form effects of Zi on Ti and Mi span a single direction. A violation of MCA can then

be absorbed into the probability limits of the direct and mediator-effect coefficients without violating

the Z-based moment conditions used by standard overidentification tests.

The constructive implication is that the feasible diagnostic in the canonical design is sensitivity

analysis. We index departures from MCA by

κ ≡ cov(εT , εY ),

the scalar covariance that MCA sets to zero. Subsection 5.1 first distinguishes apparent overidentifica-

tion, which is generated by transformations or discretizations of treatment instruments, from informative

overidentification, which requires independent mediator variation. It then explains why the LR construc-

tion remains useful in the main text: in designs with a genuine mediator instrument, unrestricted GMM

estimates the same κ that the sensitivity analysis varies in the canonical design. Subsection 5.2 develops

the resulting κ-based sensitivity framework.

5.1 Apparent versus Informative Overidentification

Testing MCA requires more than a surplus of moments. It requires an instrument set that shifts the

mediator in a direction not spanned by the treatment first stage. Denoting the instrument vector by Zi,

the relevant rank condition is

rank
(
cov(Zi, Ti) cov(Zi,Mi)

)
= 2. (36)

Equivalently, there must exist a linear combination a′Zi such that cov(a′Zi, Ti) = 0 and cov(a′Zi,Mi) ̸=
0. This is the precise sense in which overidentification must be informative for MCA: after removing

the treatment channel, some instrument variation must remain in the mediator equation.

This condition fails when every instrument affects the mediator only through the treatment. In that

case Mi = γTi + εi,M with E[Ziεi,M ] = 0, so

cov(Zi,Mi) = γ cov(Zi, Ti),
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and the matrix in (36) has rank one. Nonlinear transformations of a scalar instrument, such as (Zi, Z
2
i , Z

3
i , . . .),

or indicators for a multi-valued instrument, can create additional moments.5 For a K-dimensional in-

strument vector, the moment conditions in (31) yield 3K+1 moments for K+3 parameters, and hence

2(K−1) overidentifying restrictions. These are, however, only apparent overidentifying restrictions for

MCA when the rank condition fails. They may be useful omnibus diagnostics for the maintained linear

IV specification, but they do not test the latent covariance restriction.

Observational equivalence. The non-testability result can be seen directly. Suppose every component

of Zi affects the mediator only through treatment, so Mi = γTi + εi,M with E[Ziεi,M ] = 0. Let

κ ≡ cov(εT , εY ), ρTM ≡ cov(εT , εM ) ̸= 0.

For any value of κ, define the shifted coefficients

θ∗ ≡ θ + κ

ρTM
, τ∗ ≡ τ − γ κ

ρTM
. (37)

Substituting the structural equations gives

Yi − τ∗Ti − θ∗Mi = εi,Y −
κ

ρTM
εi,M .

Therefore the Z-orthogonality moments and the MCA moment both hold at (τ∗, θ∗):

E[Zi · (Yi − τ∗Ti − θ∗Mi)] = 0, E[Ti · (Yi − τ∗Ti − θ∗Mi)] = 0. (38)

The first equality follows from IV exogeneity, E[Ziεi,Y ] = E[Ziεi,M ] = 0. The second reduces to

cov(εT , εY )−
κ

ρTM
cov(εT , εM ) = κ− κ = 0.

Thus a model with κ ̸= 0 is observationally equivalent, in the restricted moments, to a model satisfying

MCA but with coefficients (τ∗, θ∗). The 2SLS probability limits are plim(θ̂) = θ∗ and plim(τ̂) = τ∗,

and the violation of MCA is absorbed into the estimated effects rather than appearing as a population

moment failure.

J- and t-tests. The preceding argument determines the interpretation of the standard GMM diagnos-

tics. The Hansen J-statistic (139) tests the full moment vector in (31) jointly and rejects when at least

one moment fails. The targeted t-statistic (140) evaluates the MCA moment E[Tiεi,Y ] = 0 using the

GMM-implied standard error of the evaluated moment. Their formulas and limiting distributions are

stated in Appendix F. When the rank condition (36) fails, neither statistic has asymptotic power against

MCA violations of the form described above: the restricted moments hold in population at the shifted

coefficients. The tests should therefore be read as omnibus diagnostics for the maintained linear IV

model, not as tests of MCA.

5Using nonlinear functions such as Z2 as overidentifying instruments follows Dieterle and Snell (2016), who establish validity
under mean independence E[ε | Z] = 0, a condition implied by the stronger independence Z ⊥⊥ (εT , εM , εY ) maintained in
the paper. The construction also presumes that the linear specification (21)–(23) is correct; if the true model is nonlinear, the
additional moments may fail for reasons unrelated to MCA.
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The LR bridge. The LR construction differs from the J- and t-tests because its unrestricted model

introduces the same scalar κ that indexes the sensitivity analysis. The restricted model imposes κ = 0,

whereas the unrestricted system replaces the MCA moment by

(Yi − τTi − θMi) · (Ti − π′
1Zi)− κ. (39)

When the rank condition (36) holds, κ is identified by the unrestricted GMM system. The LR statistic

compares the restricted and unrestricted GMM objective functions, using the unrestricted weighting

matrix:

LR = n
(
ḡn(δ̂)

′Σ̂u−1
g,n ḡn(δ̂) − ḡu

n(δ̂
u
n)

′Σ̂u−1
g,n ḡu

n(δ̂
u
n)
)

d→ χ2
1 (40)

under MCA. The unrestricted estimate κ̂ and its GMM sandwich standard error then provide a point

estimate and confidence interval for the departure from mediated confounding.6

This is the reason to retain the LR construction in the main text. In an informative overidentified

design, κ̂ can be used as the input to the bias-corrected mediator-effect estimator

θ̂adj(κ0) = θ̂ − κ0
ĉov(ε̂T , ε̂M )

. (41)

When κ0 = κ̂, this adjustment connects the unrestricted overidentified model to the sensitivity anal-

ysis developed below. In the canonical treatment-instrument design, by contrast, κ̂ is not separately

identified: the unrestricted LR system cannot distinguish κ from the coefficient shift in (37). The same

adjustment is then used with hypothetical or breakeven values of κ0, rather than with a plug-in estimate.

Mediator-instrument designs. This limitation is specific to treatment instruments. In two-instrument

mediation designs, such as Frölich and Huber (2017b), a second instrument may enter the mediator

equation directly,

Mi = γTi + ϕZ2,i + εi,M , ϕ ̸= 0,

while remaining excluded from the outcome equation. Then cov(Zi,Mi) need not be proportional to

cov(Zi, Ti), the rank condition (36) can hold, and unrestricted GMM can identify the violation parame-

ter κ. The contrast is useful because it shows that the non-testability result is not a generic limitation of

GMM tests, but a consequence of relying only on treatment instruments. In the canonical design studied

here, κ is not identified, so Section 5.2 uses breakeven sensitivity analysis instead.

5.2 Sensitivity Analysis for the Mediator Effect

Because MCA is not testable with treatment instruments alone, the relevant empirical question is how

large a departure from MCA would be required to overturn the substantive conclusion. The sensitivity

analysis targets the identifying restriction directly by working with κ = cov(εT , εY ). In the canonical

just-identified case, κ is not identified and must be calibrated. The advantage of this formulation is that

the violation is one-dimensional: the researcher assesses a single structural covariance, rather than a pair

6The LR test is analogous to the Durbin–Wu–Hausman test for endogeneity (Hausman, 1978), but it targets the specific covari-
ance cov(εT , εY ) that MCA sets to zero, rather than overall regressor exogeneity.
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of reduced-form partial R2 parameters.7

5.2.1 Direct Sensitivity Analysis via κ

The following proposition gives the bias induced by an MCA violation and the corresponding breakeven

and bias-adjusted estimators.

Proposition 3 (κ-Based Sensitivity). Maintain the linear model (21)–(23), instrument exogeneity cov(Z, εT ) =

cov(Z, εM ) = cov(Z, εY ) = 0, and the rank conditions σZZ > 0, π1 ̸= 0, and cov(εT , εM ) ̸= 0. Allow

κ ≡ cov(εT , εY ) ̸= 0. Then:

(a) The asymptotic bias of the 2SLS estimator θ̂ from (34) is

plim(θ̂)− θ = κ

cov(εT , εM )
. (42)

(b) Let ε̂T = T − π̂1Z and ε̂M =M− γ̂IVT , where γ̂IV = ĉov(Z,M)/ĉov(Z, T ). Then ĉov(ε̂T , ε̂M )

is consistent for cov(εT , εM ) for any value of κ.

(c) Under MCA (κ = 0), the breakeven value κ̂∗ = θ̂·ĉov(ε̂T , ε̂M ) is consistent for κ∗ ≡ θ cov(εT , εM ),

and
√
n(κ̂∗ − κ∗) is asymptotically normal by the delta method. More generally, κ̂∗

p→ κ∗ + κ.

(d) When κ0 = κ, the adjusted estimator θ̂adj(κ0) is
√
n-consistent for θ, and the confidence interval

CIκ0(θ) defined in (46) has asymptotic coverage 1 − α under MCA. For κ ̸= 0, the interval is

approximately valid to first order when estimation uncertainty in ĉov(ε̂T , ε̂M ) is small relative

to the sampling variability of θ̂; exact coverage requires replacing ŜE(θ̂) with the delta-method

standard error of the full adjusted estimator.

The proof is in Appendix F.

Breakeven values and adjusted inference. The signed breakeven covariance is

κ̂∗ ≡ θ̂ · ĉov(ε̂T , ε̂M ). (43)

It is the value of cov(εT , εY ) that sets the adjusted mediator effect to zero. Hence |κ̂∗| is the minimum

magnitude of treatment–outcome error covariance needed to overturn the point estimate, and sign(κ̂∗)

gives the required direction of confounding. The analogous inference breakeven is

κ̂∗CI ≡
(
θ̂ − zα/2ŜE(θ̂)

)
· ĉov(ε̂T , ε̂M ), (44)

the smallest value of κ, in magnitude and in the relevant direction, that brings the (1 − α) confidence

interval for θ to include zero. For a hypothesized violation κ0, the adjusted estimate and confidence

7A complementary R2-based framework adapted from Cinelli and Hazlett (2024) assesses robustness of the conditional re-
duced form to omitted confounders affecting both the residualized instrument Z̃ and the residualized outcome Ỹ . Because this
framework targets a distinct threat—confounders operating outside the treatment-equation channel—it does not test MCA.
We present it in Appendix F and recommend reporting both diagnostics when feasible.
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interval are

θ̂adj(κ0) = θ̂ − κ0
ĉov(ε̂T , ε̂M )

, (45)

CIκ0(θ) = θ̂adj(κ0)± zα/2ŜE(θ̂). (46)

By Proposition 3, the adjusted estimator is consistent when κ0 = κ, and the interval has exact nominal

coverage under MCA. Away from MCA, ŜE(θ̂) omits estimation uncertainty in ĉov(ε̂T , ε̂M ); the exact

first-order variance is obtained by applying the delta method to the full adjusted estimator. In the simu-

lations below, this simpler interval has good finite-sample performance across the violation magnitudes

considered.

Connection to conditional first-stage strength. The denominator in (45) is the same covariance that

governs the conditional first-stage strength (Remark 2). When cov(εT , εM ) is close to zero, a small

value of κ induces a large bias in θ̂, and the breakeven |κ̂∗| is correspondingly small. Thus a weak

conditional first stage signals two concerns simultaneously: imprecision in the mediator-effect estimate

and high sensitivity to departures from MCA. Conversely, a strong conditional first stage implies that

only a substantively large treatment–outcome error covariance can overturn the estimate.

Interpretation and benchmarking. The quantity κ̂∗ has a direct structural interpretation, but its scale

may be unfamiliar. Three benchmarks are useful in applications. First, when an informative overiden-

tified design is available, κ̂∗ can be compared with the LR estimate κ̂. Second, it can be compared

with observed covariances ĉov(ε̂T , Xj) between the treatment-equation residual and observed outcome

determinants Xj ; this asks whether an omitted determinant would need to be more strongly related to

the treatment residual than observed covariates are. Third, it can be expressed as the structural error

correlation in Remark 6, which is bounded by one in absolute value. In the canonical just-identified

design, these benchmarks replace a formal test of MCA.

Remark 5 (Nesting of Tests and Sensitivity Analysis). When the rank condition (36) holds, the unre-

stricted LR/GMM system of Section 5.1 consistently estimates κ. Substituting κ0 = κ̂ into (45) gives

θ̂adj(κ̂) = θ̂ − κ̂

ĉov(ε̂T , ε̂M )
. (47)

This estimator is consistent for θ whether or not MCA holds. Indeed, Proposition 3(a)–(b) gives

plim(θ̂) = θ + κ/ρTM and plim{ĉov(ε̂T , ε̂M )} = ρTM , while unrestricted GMM gives plim(κ̂) = κ.

The two bias terms therefore cancel. The probability limit coincides with that of the unrestricted GMM

estimator θ̂u that treats κ as a free parameter in the full system (31)–(39).8

Thus the LR analysis and the sensitivity analysis are nested. In informative overidentified designs, κ

is estimated and can be used for bias correction. In the canonical treatment-instrument design, κ is not

identified, and the researcher varies κ0 over substantively plausible or breakeven values.

8Both estimators are
√
n-consistent. Under efficient two-step GMM, they need not have identical asymptotic variance because

θ̂u exploits the full joint moment structure whereas θ̂adj(κ̂) is a plug-in correction. Inference after estimating κ should therefore
use the unrestricted GMM sandwich variance.
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Remark 6 (Breakeven as a Structural Correlation). The breakeven can be reported in correlation units:

ρ̂∗TY ≡
κ̂∗

σ̂εT σ̂εY
=
θ̂ · ĉov(ε̂T , ε̂M )

σ̂εT σ̂εY
, (48)

where σ̂εT and σ̂εY are computed from the first-stage and outcome-equation residuals under MCA.9

Although ρ̂∗TY is not itself a sample correlation, the bound |Corr(εT , εY )| ≤ 1 gives an immediate

benchmark. If |ρ̂∗TY | > 1, no feasible error correlation can reduce the estimated mediator effect to zero.

Values near one indicate that only very strong latent treatment–outcome dependence would overturn the

estimate; values near zero indicate fragility.

5.2.2 Sensitivity of the Mediation Decomposition

The indirect effect θ̂γ̂ inherits sensitivity from both of its components, but the relevant threats differ

across components. The treatment–mediator effect γ̂ is identified by standard IV using Z as an instru-

ment for T , so its sensitivity is assessed using the Cinelli and Hazlett (2024) framework applied to the

M -on-T IV regression, targeting violations of instrument exogeneity such as cov(Z, εM ) ̸= 0. The

mediator–outcome effect θ̂ is sensitive to MCA violations, addressed by the κ-based analysis above, and

to conditional reduced-form confounding, addressed by the R2-based framework in Appendix F. Since

the indirect effect is overturned whenever either component is overturned, its robustness is bounded

above by the weaker of the component robustness values.

6 Extensions to Nonlinear Settings

This section extends the mediated confounding framework beyond linearity and makes four points. First,

we extend the Local Instrumental Variable (LIV) model of Heckman and Vytlacil (1999, 2005) to a

mediation setting. Second, under the resulting LIV representation, we identify the Marginal Mediator

Effect (MME), the effect of switching the mediator at a given value of latent mediator resistance. Unlike

the standard Marginal Treatment Effect (MTE), mediation requires a two-step margin: a first derivative

isolates the treatment-resistance margin, and a second derivative maps that margin into the mediator-

resistance margin. Third, when the support of Z collapses to two points, the derivative formulas have

a finite-difference analogue: conditional Wald ratios recover local mediator effects under an additional

monotonicity condition tailored to the binary-support case. Fourth, the framework delivers testable

implications in the form of falsification tests that probe the mediation-specific identifying assumptions.

6.1 The General Nonparametric Framework

This subsection states the nonlinear mediation-IV environment under MCA. Let the observed vari-

ables be (Y, T,M,Z,X). Denote by Y (t,m) the potential outcome under (T,M) = (t,m), write

Y (t) ≡ Y (t,M(t)), let M(t) denote the potential mediator under treatment state t, and let T (z) denote

the potential treatment under instrument value z. The key objects for the rest of the section are the

latent treatment resistance UT , the Marginal Mediator Response (MMR) ρ(t, u), and the MME, which

9Under MCA, θ̂ is consistent for θ, so the residual Y − τ̂T − θ̂M − β̂XX is consistent for εY . The value ρ̂∗TY is therefore a
threshold computed under the maintained null: it is the hypothetical error correlation required to overturn the estimate.

21



measures the causal effect of moving the mediator from 0 to 1 at mediator resistance u while holding

treatment fixed at t. These objects are formally defined in the subsections that follow.

The mediation IV conditions (6)–(8) and the mediated confounding assumption (MCA (14)) re-

main in force. As established in Section 3.3, these conditions jointly imply conditional exogeneity—

Z ⊥⊥ Y (t,m) | (T,X)—and conditional relevance—Z ⊥̸⊥ M | (T,X)—which render Z a valid

instrument for M in the outcome equation upon conditioning on T . The conditional relevance exploits

the endogeneity of T with respect to M : conditioning on T creates a collider, through which Z inherits

dependence with the unobserved factors driving both T and M (Remark 1). The resulting instrument-

driven variation in type composition within treatment strata is termed compositional variation.

6.2 Identification via the Local Instrumental Variable Approach

We begin with the case in whichZ is continuous. Consider binary T andM , each taking values in {0, 1}.
The structural model follows Table 2: T = fT (Z, νT ), M = fM (T, νT , νY ), and Y = fY (T,M, νY , ϵ).

Here νT and νY are unobserved random variables and ϵ is an idiosyncratic outcome shock.10 The IV

exogeneity condition is Z ⊥⊥ (νT , νY , ϵ), and the mediated confounding assumption (MCA (14)) takes

the form νT ⊥⊥ (νY , ϵ) in this structural model. These jointly imply a key property:

(Z, νT , T ) ⊥⊥ (Y (t,m), νY ). (49)

Property (49) holds because Z, νT are jointly independent of (νY , ϵ), T = fT (Z, νT ) is a function of

(Z, νT ), and Y (t,m) = fY (t,m, νY , ϵ) is a function of (νY , ϵ).

Treatment Equation. Following Heckman and Vytlacil (2005), we assume that the treatment equation

is separable:

T = 1[ζ(Z) ≥ ϕ(νT )], (50)

where ϕ(νT ) is absolutely continuous. Applying the probability integral transform to both sides of the

inequality yields the propensity score representation:

T = 1[PT (Z) ≥ UT ], (51)

where PT (Z) = Pr(T = 1 | Z) is the propensity score and UT = Fϕ(νT )(ϕ(νT )) ∼ Uniform[0, 1]. We

refer to UT as the treatment resistance: higher values correspond to lower selection into treatment for

any given propensity. The exogeneity Z ⊥⊥ νT implies PT (Z) ⊥⊥ UT .

Identification of Counterfactual Mediator. The first step recovers the counterfactual mediatorM(t) =

fM (t, νT , νY ) at each value of the treatment resistance UT . This is the standard first-derivative LIV step

and is useful here mainly because it prepares the second-derivative identification of the mediator effect

itself.

10The error terms νY and ϵmay be arbitrarily dependent. The distinction between νY and ϵ allows the outcome to be stochastic
even conditional on (T,M, νY ).
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Proposition 4 (First-Derivative Identification of E(M(t) | UT )). Consider the structural model T =

fT (Z, νT ), M = fM (T, νT , νY ) under: structural IV exogeneity Z ⊥⊥ (νT , νY , ϵ); mediation exclu-

sion (6) and consistency M = M(T ); separability (50) with ϕ(νT ) absolutely continuous (so that

UT ∼ Uniform[0, 1]); and the regularity condition that p 7→ E(M · 1[T = t] | PT (Z) = p) is

differentiable for t ∈ {0, 1}. Then

∂ E(M · T | PT (Z) = p)

∂p
= E(M(1) | UT = p) = Pr

(
M(1) = 1 | UT = p

)
, (52)

∂ E(M · (1− T ) | PT (Z) = p)

∂p
= −E(M(0) | UT = p) = −Pr

(
M(0) = 1 | UT = p

)
. (53)

The proof is in Appendix G.

Mediation Equation. We assume separability of the mediator equation in UT and νY :

M = 1[ξ(T,UT ) ≥ φ(νY )], (54)

where φ(νY ) is absolutely continuous and ξ(t, u) is monotone in u for each t. We assume throughout

that ξ(t, ·) is strictly decreasing in u, so that individuals with lower UT (stronger treatment propensity)

have higher mediator propensity.11 Separability (54) delivers the propensity score representation:

M = 1[ρ(T,UT ) ≥ UY ], (55)

where UY = Fφ(νY )(φ(νY )) ∼ Uniform[0, 1] is the mediator resistance—higher values correspond to

lower probability ofM = 1 for any given ρ(T,UT ), paralleling the treatment-resistance interpretation of

UT—and ρ(T,UT ) = Fφ(νY )(ξ(T,UT )) is the Marginal Mediator Response (MMR). Since UT ⊥⊥ UY

(by MCA),

ρ(t, u) = Pr
(
M = 1 | T = t, UT = u

)
= E

(
M(t) | UT = u

)
for each (t, u). The MMR is the mediator analogue of the Marginal Treatment Response of Heckman

and Vytlacil (2005): it gives the counterfactual probability that the mediator is active among individuals

at treatment resistance UT = u when treatment is externally fixed at t, indexed by the latent treatment

margin.

The structural object ρ(t, p) differs from the observable within-stratum mediator rate

mt(p) ≡ Pr(M = 1 | T = t, PT (Z) = p).

The object mt(p) averages mediator take-up over the truncated distribution of UT induced by the treat-

ment rule, whereas ρ(t, p) is the mediator take-up probability exactly at the marginUT = p. In particular,

m1(p) = Pr(M(1) = 1 | UT ≤ p) =
1

p

∫ p

0
ρ(1, u) du, (56)

m0(p) = Pr(M(0) = 1 | UT > p) =
1

1− p

∫ 1

p
ρ(0, u) du. (57)

11The choice of decreasing (rather than increasing) is a normalization. The key requirement is strict monotonicity, which
ensures a one-to-one mapping between UT and the mediator resistance.
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The structural object ρ(t, p) is not an observed conditional probability; it is identified pointwise through

the first derivative:

Corollary 2 (Identification of the Structural Mediator Propensity Score). Under the conditions of Propo-

sition 4, MCA (14), and mediator separability (54):

ρ(1, p) =
∂ E(M · T | PT (Z) = p)

∂p
, (58)

ρ(0, p) = −∂ E(M · (1− T ) | PT (Z) = p)

∂p
. (59)

The proof is in Appendix G.

Equivalently, the MMR admits the selection-corrected stratum-average form ρ(1, p) = m1(p) +

pm′
1(p) and ρ(0, p) = m0(p) − (1 − p)m′

0(p), expressing the take-up probability at the treatment

margin as the observable within-stratum rate plus a selection correction.

Since ξ(t, ·) is strictly decreasing and Fφ(νY ) is strictly increasing, ρ(t, ·) = Fφ(νY )(ξ(t, ·)) is strictly

decreasing in UT for each t. This is the mediator monotonicity condition in the LIV framework:

ρ(t, u) > ρ(t, u′) for all u < u′ and each t ∈ {0, 1}. (60)

Individuals with lower UT (stronger treatment propensity) have a higher probability of M(t) = 1. The

strict monotonicity ensures a one-to-one mapping between the propensity score p and the MMR ρ(t, p),

so the latter can serve as an alternative running variable for the LIV analysis. Since ρ(t, p) is identified

by Corollary 2, the monotonicity of ρ(t, ·)—and hence mediator separability (54) itself—is a testable

shape restriction: a sign change in ρ̂′(t, p) across the support of PT (Z) is evidence against separability.

The outcome unobservable νY appears in the mediator equation (54) because unobserved factors that

affect Y also influence M—the source of endogeneity that necessitates instrumental variables. Under

MCA, UT ⊥⊥ UY , so compositional variation in ρ(t, UT ) driven by Z through the propensity score is

independent of the mediator resistance UY . This conditional exogeneity enables identification.

Identification of Counterfactual Outcomes. The central identification result exploits (49), which

implies that the treatment resistance UT is jointly independent of the counterfactual outcomes and the

mediator resistance: UT ⊥⊥ (Y (t,m), UY ). The resulting logic is sequential. The first derivative lo-

calizes the treatment margin at UT = p. The second derivative maps that treatment margin into the

mediator margin UY = ρ(t, p). In consequence, the primitive mediator effect is identified from curva-

ture, not slope. This is the main conceptual distinction between mediation LIV and the standard MTE

framework.

Assumption 2 (Regularity Conditions for Second-Derivative Identification).

(i) The propensity scorePT (Z) has a continuously differentiable density on an open interval (pL, pH) ⊆
(0, 1).

(ii) The conditional expectations p 7→ E(Y · 1[M = m] · 1[T = t] | PT (Z) = p) and p 7→
E(M ·1[T = t] | PT (Z) = p) are twice continuously differentiable on (pL, pH) for each (t,m) ∈
{0, 1}2.
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(iii) The mediator propensity score ρ(t, ·) is continuously differentiable, with ρ′(t, p) ̸= 0 for all p ∈
(pL, pH). (Strict monotonicity of ρ(t, ·) is already ensured by mediator separability (54) with

ξ(t, ·) strictly monotone; this condition adds smoothness.)

(iv) Latent outcome regularity. For each (t,m) ∈ {0, 1}2, the latent conditional mean function

µtm(u) ≡ E
(
Y (t,m) | UY = u

)
admits a bounded continuous version on the image ρ(t, (pL, pH)) ⊆ (0, 1). This rules out patho-

logical discontinuities of the latent response curve at the chain-rule points u = ρ(t, p) and is the

latent counterpart of the observable smoothness condition in (ii).

Definition 1 (Marginal Mediator Effect). The marginal mediator effect at unobserved type UY = u and

treatment level t is:

∆M (t, u) ≡ E(Y (t, 1)− Y (t, 0) | UY = u). (61)

The MME is the nonparametric analogue of θ from the linear model. Like the marginal treatment effect

of Heckman and Vytlacil (1999)—which is identified by the first derivative of E(Y | PT (Z) = p)—

the MME is identified from derivatives of observable conditional expectations. The difference is that

mediation requires one derivative to isolate the treatment margin and a second derivative to isolate the

mediator margin induced by that treatment margin.

Theorem 2 (Second-Derivative Identification of Counterfactual Outcomes and the MME). Under con-

ditions (6)–(8), MCA (14), consistency M = M(T ) and Y = Y (T,M), separability conditions (50)

and (54), and Assumption 2, for (t,m) ∈ {0, 1}2:

∂2 E
(
Y · 1[M = m] · 1[T = t]

∣∣PT (Z) = p
)

∂p2
= (−1)1−m · (−1)1−t · ρ′(t, p) · E(Y (t,m) | UY = u),

(62)

where u = ρ(t, p) is the MMR identified by Corollary 2. Define

Gt(p) ≡ E
(
Y · 1[T = t] | PT (Z) = p

)
, Ht(p) ≡ E

(
M · 1[T = t] | PT (Z) = p

)
. (63)

Then the Marginal Mediator Effect satisfies

∆M (t, u) =
G′′

t (p)

H ′′
t (p)

, u = ρ(t, p). (64)

Equivalently,

∆M (t, u) =
(−1)1−t

ρ′(t, p)
· ∂

2 E(Y · 1[T = t] | PT (Z) = p)

∂p2
, (65)

for p such that ρ(t, p) = u.

The proof is in Appendix G.
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Equation (64) is the most transparent representation: the MME equals the curvature of the treatment-

stratum outcome surface with respect to the treatment propensity score, divided by the curvature of the

treatment-stratum mediator surface with respect to the same score. Equation (65) is the equivalent

Jacobian form obtained from

H ′′
t (p) = (−1)1−tρ′(t, p).

Since ρ′(t, p) ̸= 0 by Assumption 2(iii), both representations are well defined. The MME can also be

written as a derivative with respect to the MMR qt(p) ≡ ρ(t, p); see Appendix G for details.12

The second-derivative result identifies the local primitives needed for nonlinear mediation analysis.

Under full support of PT (Z) on [0, 1], Proposition 4 identifies the average counterfactual mediator,

E[M(t)] =

∫ 1

0
E[M(t) | UT = u] du,

and Theorem 2 identifies the average counterfactual outcome,

E[Y (t,m)] =

∫ 1

0
E[Y (t,m) | UY = u] du.

With partial propensity-score support, PT (Z) ∈ (pL, pH) ⊂ (0, 1), the MME is identified only on the

image ρ(t, (pL, pH)). Aggregate parameters that integrate the MME are therefore point-identified only

when their weighting functions place support inside that identified region, or when additional restrictions

are imposed outside it, as in the standard MTE framework (Heckman and Vytlacil, 2005, Section 5).

The MME can be aggregated into population-level mediation parameters through weights that de-

scribe which mediator-resistance ranks are exposed to a counterfactual mediator state. For t′ ∈ {0, 1},
define the mediator survival function

SM (t′, u) ≡ Pr
(
M(t′) = 1 | UY = u

)
.

Under the mediator LIV representation (55),

M(t′) = 1{ρ(t′, UT ) ≥ UY }.

Hence, by MCA, UT ⊥⊥ UY , and because UT ∼ Uniform[0, 1],

SM (t′, u) = Pr
(
ρ(t′, UT ) ≥ u | UY = u

)
=

∫ 1

0
1{ρ(t′, p) ≥ u} dp.

With full support of PT (Z) on [0, 1], Corollary 2 identifies ρ(t′, p) for every p ∈ [0, 1], and therefore

identifies SM (t′, u). This survival function gives the aggregation formula for nested counterfactual

outcomes. Since the mediator is binary, we can express Y (t,M(t′)) as following:

Y (t,M(t′)) = Y (t, 0) + {Y (t, 1)− Y (t, 0)}M(t′).

12The two-stage nature of mediation carries a practical cost: second-derivative estimation is more demanding than the first-
derivative estimation used in the standard MTE setting. This requires larger samples and stronger instrument variation than
standard LIV.
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Conditional on UY = u, the mediator state M(t′) depends on UT , whereas Y (t, 1) − Y (t, 0) depends

on the outcome-side unobservables. MCA and the LIV representation therefore imply

(
Y (t, 0), Y (t, 1)

)
⊥M(t′) | UY .

It follows that

E
[
{Y (t, 1)− Y (t, 0)}M(t′) | UY = u

]
= ∆M (t, u)SM (t′, u).

Integrating over UY yields

E[Y (t,M(t′))] = E[Y (t, 0)] +

∫ 1

0
∆M (t, u)SM (t′, u) du.

The next proposition uses these survival weights to express population-level mediation parameters

as integrals of the MME.

Proposition 5 (Mediation Parameters as Weighted Averages of the MME). Under the maintained as-

sumptions of Theorem 2 and the denominator positivity 0 < E[M(t)] < 1 (so that MEM(t) and MEU(t)

are well-defined), the following mediation parameters at treatment level t admit weighted-average rep-

resentations in terms of ∆M (t, u):

(i) Average Mediator Effect (analogue of ATE):

AME(t) ≡ E[Y (t, 1)− Y (t, 0)] =

∫ 1

0
∆M (t, u) du. (66)

(ii) Mediator Effect on the Mediated (analogue of TT):

MEM(t) ≡ E[Y (t, 1)− Y (t, 0) |M(t) = 1] =

∫ 1

0
∆M (t, u)

SM (t, u)

E(M(t))
du. (67)

(iii) Mediator Effect on the Unmediated (analogue of TUT):

MEU(t) ≡ E[Y (t, 1)− Y (t, 0) |M(t) = 0] =

∫ 1

0
∆M (t, u)

1− SM (t, u)

1− E(M(t))
du. (68)

(iv) Natural Indirect Effect (analogue of PRTE):

NIE(t) ≡ E[Y (t,M(1))− Y (t,M(0))] =

∫ 1

0
∆M (t, u)

[
SM (1, u)− SM (0, u)

]
du. (69)

(v) Natural Direct Effect:

NDE(t) ≡ E[Y (1,M(t))−Y (0,M(t))] = E[Y (1, 0)−Y (0, 0)]+

∫ 1

0
{∆M (1, u)−∆M (0, u)}SM (t, u) du.

(70)

The signed weighting function SM (1, u)−SM (0, u) integrates to E[M(1)−M(0)]; its sign at each u is

unrestricted without mediator monotonicity. Under mediator monotonicity (M(1) ≥M(0)), SM (1, u)−
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SM (0, u) ≥ 0 for all u, and the NIE (69) is a proper weighted average of ∆M (t, u). Unlike the NIE, the

NDE is not an aggregation of a single MME curve. It combines the baseline direct effect at M = 0 with

the treatment-state difference in the MME schedule, weighted by the counterfactual mediator survival

function SM (t, u).

The proof is in Appendix G.

Remark 7 (Estimation). The ratio representation (64) suggests a direct estimation strategy. Estimate

Gt(p) and Ht(p) by local polynomial regressions of Y · 1[T = t] and M · 1[T = t] on the propensity

score PT (Z), using a polynomial order sufficient for second-derivative estimation, and compute

∆̂M (t, ρ̂(t, p)) =
Ĝ′′

t (p)

Ĥ ′′
t (p)

.

This ratio avoids separate estimation of ρ′(t, p), since H ′′
t (p) = (−1)1−tρ′(t, p) absorbs the Jacobian.

Standard results for local-polynomial derivative estimation apply (e.g., Fan and Gijbels, 1996); estimat-

ing second derivatives is more demanding than estimating the first derivatives used in the standard MTE

setting. Inference for the ratio must account for estimation of the propensity score and for instability

when H ′′
t (p) is close to zero.

6.3 The Binary Instrument Case: Conditional Wald Ratios and Local Effects

This subsection specializes the analysis to the common case of a binary instrument, Z ∈ {z0, z1}. As

in the LIV model of Section 6.2, the treatment T ∈ {0, 1} and the mediator M ∈ {0, 1} are also binary.

The mediation IV conditions (6)–(8) and MCA (14) remain in force. Following Imbens and Angrist

(1994), we assume:

Assumption 3 (Treatment Monotonicity). Treatment is weakly increasing in the instrument:

T (z1) ≥ T (z0) a.s. (71)

Assumption 3 eliminates defiers: Pr(ST = (1, 0)) = 0, and ST takes values in {N,C,A}: never-

takersN have [T (z0), T (z1)]′ = [0, 0]′, compliersC have [0, 1]′, and always-takersA have [1, 1]′. Under

the mediation IV conditions and treatment monotonicity, the usual Wald ratios identify the standard

LATE objects:13

γLATE ≡ E[M(1)−M(0) | C] = E[M | Z = z1]− E[M | Z = z0]

E[T | Z = z1]− E[T | Z = z0]
, (72)

ψLATE ≡ E[Y (1)− Y (0) | C] = E[Y | Z = z1]− E[Y | Z = z0]

E[T | Z = z1]− E[T | Z = z0]
. (73)

The parameter γLATE is the average mediator response among treatment compliers, while ψLATE com-

bines the direct and indirect channels across the complier population.

13γLATE can be obtained from a 2SLS regression of M on T using Z as the instrument for T , and ψLATE from a 2SLS
regression of Y on T using Z as the instrument for T .
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Observable conditional Wald ratios. Conditioning on T changes the type composition within treat-

ment strata. Under treatment monotonicity, the stratum T = 0 contains only never-takers and compliers,

while the stratum T = 1 contains only always-takers and compliers. As Z moves from z0 to z1, the rel-

ative weights of these adjacent treatment types shift, generating within-stratum variation in the mediator

through the collider mechanism developed in Section 6.1. This motivates the conditional Wald ratio14

θW (t) ≡ cov(Y,Z | T = t)

cov(M,Z | T = t)
=

E[Y | Z = z1, T = t]− E[Y | Z = z0, T = t]

E[M | Z = z1, T = t]− E[M | Z = z0, T = t]
, t ∈ {0, 1}.

(74)

Under MCA and treatment monotonicity, θW (t) is well defined whenever the conditional first stage

is nonzero, but its causal interpretation as a local mediator effect requires an additional monotonicity

condition on the adjacent treatment-type margins that generate the first stage.

Compositional mediator monotonicity. The binary conditional first stage does not compare M(1) to

M(0) globally. Instead, it compares mediator take-up across adjacent treatment-type blocks within each

treatment stratum: N versus C inside T = 0, and C versusA inside T = 1. The monotonicity condition

must therefore target those margins.

Under the structural mediator equation in Section 6.2, define the type-indexed mediator potential

M(t, s) ≡ 1
[
ρ(t, U

(s)
T ) ≥ UY

]
, (75)

where U (s)
T denotes UT on the resistance block corresponding to treatment type s (e.g., U (N)

T ∈ (p1, 1],

U
(C)
T ∈ (p0, p1], U

(A)
T ∈ [0, p0)). This object evaluates mediator take-up at a fixed treatment level t

while moving across treatment-type blocks and holding the mediator resistance UY fixed.

Assumption 4 (Compositional Mediator Monotonicity). The adjacent type margins generating the con-

ditional first stages contain no mediator defiers:

M(1, A) ≥M(1, C) a.s., (76)

M(0, C) ≥M(0, N) a.s. (77)

Assumption 4 states that, at a fixed treatment level, mediator take-up is ordered by treatment propen-

sity: always-takers exceed compliers, and compliers exceed never-takers.15 Intuitively, the assumption

says that the latent disposition driving selection into treatment also drives uptake of the mediator: among

individuals held at a common treatment level, those with stronger treatment propensity (the always-

takers within T = 1, the compliers within T = 0) are weakly more likely to activate the mediator. Just

as treatment monotonicity orders individuals by a single resistance to treatment, compositional mono-

tonicity requires that this same ordering govern mediator take-up across adjacent treatment-type blocks.

With a binary instrument, this adjacent-block restriction is not directly testable because ρ(t, ·) is not

identified pointwise. Section 6.4 instead develops Kitagawa-style tests of the joint implications of MCA

14Operationally, θW (t) is the just-identified 2SLS coefficient from the subsample T = t regression of Y on M using Z as the
instrument for M . Equivalently, estimate the pooled saturated IV specification Y = α+ τT + θM + ρ(MT ) + e, treating
M and MT as endogenous and using Z and ZT as excluded instruments, with (1, T ) included as exogenous regressors.
Then θ = θW (0) and θ + ρ = θW (1).

15Compositional Mediator Monotonicity is equivalently to state that Pr
(
M(0, N) = 1, M(0, C) = 0

)
= 0, and

Pr
(
M(1, C) = 1, M(1, A) = 0

)
= 0.
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and compositional mediator monotonicity.

Remark 8 (Monotonicities under the LIV structure). The monotonicity conditions used in the binary-

instrument model are inherited from the LIV structure. After orienting the instrument so that PT (z1) ≥
PT (z0), treatment separability (50) implies Treatment Monotonicity (Assumption 3). Likewise, media-

tor separability (54) implies Compositional Mediator Monotonicity (Assumption 4), because ρ(t, ·) is

strictly decreasing in treatment resistance and the adjacent treatment-type blocks are ordered in UT .

Remark 9 (Cross-treatment mediator monotonicity). Navjeevan, Pinto and Santos (2026) impose the

cross-treatment restriction M(1) ≥M(0) a.s. — the direct mediator analogue of treatment monotonic-

ity, requiring that the treatment weakly raises mediator uptake at the individual level. Compositional

Mediator Monotonicity (Assumption 4) is logically distinct: it orders mediator propensity across types

within each treatment state (A ⪰ C ⪰ N ) rather than across treatment states within each individual.

Cross-treatment is a causal restriction on T → M ; compositional is a selection restriction on the joint

distribution of treatment and mediator propensities.

The two support different identifications. Cross-treatment monotonicity, combined with the auxil-

iary exogeneity restrictions of Navjeevan, Pinto and Santos (2026), delivers direct treatment effects.

Compositional monotonicity gives the conditional Wald ratios in (74) a local-mediator-effect inter-

pretation. The LIV threshold representation implies compositional monotonicity automatically (Re-

mark 8). The cross-treatment monotonicity is a stronger assumption which requires the additional

ordering ρ(1, u) ≥ ρ(0, u). Appendix G.2 compares the resulting type structures.

Local mediator effects. The conditional Wald ratios isolate the mediator’s outcome effect for a spe-

cific subpopulation: individuals whose mediator status switches across the adjacent treatment-type mar-

gin that drives the within-stratum first stage. We call this subpopulation compositional mediator compli-

ers at T = t, in direct analogy with treatment compliers from Assumption 3. Just as treatment compliers

are those whose treatment status switches with the instrument, mediator compliers at T = t are those

whose mediator status switches across the adjacent type-composition margin within the T = t stratum.

Formally, define the compositional mediator-complier events

CM0 ≡ {M(0, C) > M(0, N)}, (78)

CM1 ≡ {M(1, A) > M(1, C)}, (79)

and the corresponding local mediator effects

θLM (0) ≡ E
[
Y (0, 1)− Y (0, 0) | CM0

]
, (80)

θLM (1) ≡ E
[
Y (1, 1)− Y (1, 0) | CM1

]
. (81)

The parameter θLM (t) is the average outcome effect of switching the mediator from 0 to 1 among the

mediator compliers at T = t. It is the finite-difference, binary-instrument analogue of the pointwise

Marginal Mediator Effect ∆M (t, u) from Section 6.2, averaged over the local compositional margin

induced by the instrument.

Lemma 1 (Conditional exogeneity across treatment types). Under MCA (14) and IV exogeneity Z ⊥⊥
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(νT , νY , ϵ),

Y (t,m) ⊥⊥ ST | T for all (t,m).

The proof is in Appendix G.

Lemma 1 is the conditional-exogeneity step behind Theorem 3. The conditional Wald ratio θW (t)

is generated by the instrument reshuffling treatment-type composition within the stratum T = t; the

lemma guarantees that this reshuffling does not also reshuffle the distribution of potential outcomes.

Thus, conditional on T = t, the induced change in mediator take-up is interpretable as mediator-channel

variation rather than confounding variation in the potential outcomes.

Theorem 3 (Conditional Wald identification of local mediator effects). Suppose that Pr(ST = s) >

0; s ∈ {N,C,A}, and Pr
(
CMt
)
> 0; t ∈ {0, 1}.Under conditions (6)–(8), MCA (14), and Monotonicity

Assumptions 3 and 4, the conditional Wald ratios identify the local mediator effects:

θW (0) = E
[
Y (0, 1)− Y (0, 0) | CM0

]
= θLM (0), (82)

θW (1) = E
[
Y (1, 1)− Y (1, 0) | CM1

]
= θLM (1). (83)

The proof is in Appendix G.

Theorem 3 shows that the binary-instrument design identifies a genuinely local mediator effect. It eval-

uates the mediator effect for the individuals whose mediator status is shifted by the adjacent treatment-

type margin operating within a fixed treatment state: theC-versus-N margin for t = 0, and theA-versus-

C margin for t = 1. Proposition 6 expresses θLM (t) as a weighted average of the Marginal Mediator

Effect ∆M (t, u), where the weights describe which mediator-resistance ranks are most affected by the

relevant compositional shift.

Proposition 6 (The Local Mediator Effect as a Weighted Average of the MME). Under the conditions

of Theorem 3, the local mediator effect θLM (t) admits a weighted-average representation in terms of

the Marginal Mediator Effect ∆M (t, u) (Definition 1):

θLM (t) =

∫ 1

0
∆M (t, v) ωt(v) dv∫ 1

0
ωt(v) dv

, (84)

where the weight function is the difference in survival functions of the MMR across adjacent treatment-

type blocks:

ωt(v) ≡ SsH (v)− SsL(v), Ss(v) ≡ Pr
(
ρ(t, UT ) ≥ v

∣∣ ST = s
)
. (85)

For t = 0: sH = C and sL = N . For t = 1: sH = A and sL = C. Under compositional

mediator monotonicity, ωt(v) ≥ 0 for all v, so (84) is a proper weighted average. The normalizing

constant
∫ 1
0 ωt(v) dv = E[ρ(t, UT ) | sH ]−E[ρ(t, UT ) | sL] equals the type-conditional first stage—the

difference in mean mediator response across adjacent treatment-type blocks. As the propensity-score

gap p1 − p0 shrinks, both survival functions converge to step functions, the weights concentrate at a

point, and θLM (t) converges to the pointwise MME ∆M (t, ρ(t, p)) of Theorem 2.

The proof is in Appendix G.
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The weight ωt(v) measures how much the compositional shift from type sL to type sH increases

the probability of M = 1 at mediator resistance UY = v. Individuals at UY values where the compo-

sitional shift has a large effect on mediator status receive more weight. This is the mediation analogue

of the Heckman–Vytlacil weighting scheme, in which different treatment parameters weight the MTE

differently depending on the source of identifying variation. Proposition 6 is the precise bridge between

the binary-instrument and continuous-support models: the conditional Wald identifies θLM (t), and the

weighted-average representation shows that this estimand is a local average of the same MME primitive

that the LIV model identifies pointwise.

Remark 10 (Connection to the linear model). If mediator effects are constant, Yi(t, 1)−Yi(t, 0) = θ(t)

for all i, then ∆M (t, u) = θ(t) for all u, so θLM (t) = θ(t) = AME(t) and the conditional Wald

reduces to the estimand in Section 4, giving NIEC(t) = γLATE · θ(t) = θ · γ.

Remark 11 (Estimation). The binary case is estimated with three Wald-type ratios:

(i) Treatment–mediator effect:

γ̂ =
M̄Z=z1 − M̄Z=z0

T̄Z=z1 − T̄Z=z0

.

(ii) Total effect:

ψ̂ =
ȲZ=z1 − ȲZ=z0

T̄Z=z1 − T̄Z=z0

.

(iii) Local mediator effect: for each t ∈ {0, 1},

θ̂LM (t) =
ȲZ=z1,T=t − ȲZ=z0,T=t

M̄Z=z1,T=t − M̄Z=z0,T=t
.

Under Theorem 3, θ̂LM (t) estimates the local mediator effect within treatment stratum t. The decom-

position ψLATE = NDEC(t) + NIEC(1− t) admits two versions: at reference level t = 0, the indirect

component is γ̂ θ̂LM (1) with residual ψ̂− γ̂ θ̂LM (1); at reference level t = 1, it is γ̂ θ̂LM (0) with resid-

ual ψ̂ − γ̂ θ̂LM (0). Under constant mediator effects the two coincide. Under heterogeneity, both should

be reported. Standard errors may be obtained by the delta method or by the nonparametric bootstrap.

Because the conditional Wald ratios are estimated within the subsamples T = t, weak-instrument

concerns are more severe than in the unconditional first stage. Applied work should therefore report

the conditional first-stage strength within each treatment stratum and rely on Anderson–Rubin-style

inference when the conditional first stage is weak.

6.4 Kitagawa-Style Falsification Tests

We now turn from identification to falsification. The binary-instrument mediation model implies a set

of distributional inequalities in the spirit of Kitagawa (2015) and Kwon and Roth (2026). In the Kwon

and Roth setting, treatment is randomized and the triple (Y,M, T ) forms a standard LATE structure for

the mediator. In our setting, the relevant object is instead the conditional triple (Y,M,Z) | T = t: once

one conditions on treatment status, MCA supplies conditional exogeneity and compositional variation

supplies conditional relevance. The resulting inequalities should be interpreted as falsification tests for

the mediation-specific identifying package, not as validation of that package.
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The tests are organized as a hierarchy: (i) two “baseline” tests that probe the standard LATE package

for Z → T usingM or Y as the outcome (these do not require MCA); (ii) a conditional test that exploits

the conditional-IV structure for M within treatment strata enabled by MCA.

Baseline tests. Kitagawa (2015) shows that instrument validity and treatment monotonicity (T (z1) ≥
T (z0)) jointly imply, for any outcome W and all Borel sets A ⊆ R:

Pr(W ∈ A, T = 0 | Z = z0) ≥ Pr(W ∈ A, T = 0 | Z = z1), (86)

Pr(W ∈ A, T = 1 | Z = z1) ≥ Pr(W ∈ A, T = 1 | Z = z0). (87)

We apply these inequalities twice: first with W = M (Test 1, probing the LATE package for the causal

effect of T on M ) and then with W = Y (Test 2, probing the LATE package for the total causal effect

of T on Y ). Passing both tests supports the maintained LATE structure for Z → T ; importantly, they do

not validate mediation.

Conditional Kitagawa test for MCA. MCA adds a distinctive implication: conditional on realized

treatment status T = t, the instrument Z is exogenous for Y (t,m) and relevant forM via compositional

variation (Section 6.1). Compositional mediator monotonicity (Assumption 4) provides the no-defier

restriction needed to apply the Kitagawa (2015) logic to the conditional-IV model (Y,M,Z) | T = t.

The argument parallels the standard Kitagawa construction. Within T = 1, changing Z from z0

to z1 adds treatment compliers (C) to the stratum alongside always-takers (A). Assumption 4 gives

M(1, A) ≥ M(1, C) almost surely: at every value of the latent mediator resistance outside a null set,

the mediator under theA-type propensity is weakly higher than under the C-type propensity. This yields

the set inclusion {M(1, C) = 1} ⊆ {M(1, A) = 1} almost surely—the “no defiers” condition that

Kitagawa (2015) requires. In finite-unit language, no unit has M = 1 under the C-type propensity but

M = 0 under the A-type propensity. Combined with conditional exogeneity (Y (t,m) ⊥⊥ ST | T , from

MCA and IV-core), the distributional inequalities follow for all Borel sets A ⊆ R and each t ∈ {0, 1}:

Pr(Y ∈ A, M = 0 | Z = z0, T = t) ≥ Pr(Y ∈ A, M = 0 | Z = z1, T = t), (88)

Pr(Y ∈ A, M = 1 | Z = z1, T = t) ≥ Pr(Y ∈ A, M = 1 | Z = z0, T = t), (89)

after orienting (z0, z1) within each stratum so that ∆t ≡ Pr(M =1 | Z=z1, T = t)− Pr(M =1 | Z=

z0, T = t) ≥ 0.16

Interpretation. The baseline tests (86)–(87) probe the standard LATE package forZ → T . The condi-

tional inequalities (88)–(89) probe the additional mediation-specific restrictions: MCA, which delivers

conditional exogeneity, and compositional mediator monotonicity, which delivers the relevant condi-

tional monotonicity. Hence rejection after the baseline tests are passed isolates failure of the mediation-

specific package, but it does not distinguish whether the failure comes from MCA or from compositional

monotonicity. Implementation of the conditional test via moment inequalities, including the test statistic

T̂MCA and bootstrap critical values, is detailed in Appendix G.3.
16The orientation may differ from the treatment equation. Within T = 0, compositional monotonicity (M(0, C) ≥M(0, N))

implies that removing compliers (moving from Z = z0 to Z = z1) weakly reduces Pr(M = 1 | T = 0), so ∆0 ≤ 0 under
the treatment-equation orientation. The sign normalization swaps (z0, z1) within the T = 0 stratum to obtain ∆0 ≥ 0.

33



7 Simulation Evidence

This section evaluates the finite-sample performance of the mediation estimator developed in Section 4

and the diagnostic tools of Section 5. We design a data-generating process that satisfies the structural

equations (21)–(23) exactly, with a transparent Gaussian error structure that allows systematic variation

of the key model parameters. Four experiments examine: (i) identification and estimation under correct

specification, (ii) the relationship between instrument strength and conditional first-stage power, (iii)

calibration of the κ-based and R2-based sensitivity analyses, and (iv) size and power of the specification

tests for mediated confounding. Experiments 1–3 use a single instrument (K = 1), the standard setting

for the mediation decomposition; Experiment 4 introduces a second instrument with a direct effect on

M to evaluate the overidentification tests of Section 5.1. We then compare the one-instrument estimator

against the two-instrument benchmark of Frölich and Huber (2017a) under correct specification, and

verify robustness to non-Gaussian error distributions.

7.1 Data-Generating Process

The structural equations follow the linear mediation model of Section 4.1, with all variables orthogonal-

ized with respect to [1, X]:

Ti = π1Z1i + π2Z2i + εi,T , (90)

Mi = γ · Ti + εi,M , (91)

Yi = τ · Ti + θ ·Mi + βXXi + εi,Y , (92)

where Z1i, Z2i, Xi
iid∼ N (0, 1) are mutually independent and independent of the structural errors. When

π2 = 0, the model reduces to the just-identified case (K = 1); when π2 ̸= 0, the additional instrument

provides variation inM independent of the collider channel through T , enabling overidentification tests.

The covariate X is included for sensitivity calibration; when βX = 0, it plays no role.

The structural errors follow a joint normal distribution:

(εi,T , εi,M , εi,Y )
′ ∼ N

0,

 1 ρTM ρTY

ρTM 1 ρMY

ρTY ρMY 1


 , (93)

where ρTM , ρMY , and ρTY govern treatment–mediator, mediator–outcome, and treatment–outcome

confounding, respectively. Positive definiteness requires 1−ρ2TM −ρ2MY −ρ2TY +2ρTMρMY ρTY > 0.

The baseline calibration is:

π1 = 0.5, γ = 0.4, τ = 0.3, θ = 0.5, ρTM = 0.5, ρMY = 0.3, ρTY = 0. (94)

This configuration generates a strong first stage for T and a weaker conditional first stage for M ,

reflecting the fact that the identifying variation for the mediator operates through the collider mechanism

rather than a direct instrument channel.
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7.2 Experiment 1: Finite-Sample Performance

We first verify that the 2SLS estimator recovers all four mediation parameters with correct bias, root

mean squared error (RMSE), and confidence interval coverage when MCA holds. The design fixes

ρTY = 0 (MCA satisfied), ρMY = 0.3, and ρTM = 0.5, varying sample size n ∈ {500, 1,000, 2,500, 5,000}
and instrument strength π1 ∈ {0.2, 0.5, 1.0}. We use K = 1 instrument (π2 = 0, βX = 0) and conduct

R = 2,000 Monte Carlo replications for each configuration.

Table 3: Experiment 1: Finite-Sample Performance of Mediation Parameters

Mediator Effect θ̂ (True = 0.5) Direct Effect τ̂ (True = 0.3)

n π1 Bias RMSE Cov. SE Bias RMSE Cov. SE

Panel A: MCA holds (ρTY = 0)

500 0.2 −0.099 2.089 0.974 3.045 0.087 1.873 0.970 2.718
1,000 0.2 −0.037 0.529 0.973 0.476 0.032 0.461 0.973 0.418
2,500 0.2 −0.012 0.214 0.966 0.216 0.010 0.189 0.965 0.191
5,000 0.2 −0.010 0.148 0.962 0.149 0.010 0.131 0.962 0.132

500 0.5 −0.014 0.208 0.970 0.212 0.011 0.171 0.969 0.174
1,000 0.5 −0.006 0.144 0.959 0.145 0.004 0.118 0.965 0.120
2,500 0.5 −0.002 0.089 0.954 0.090 0.001 0.073 0.954 0.075
5,000 0.5 −0.002 0.063 0.955 0.064 0.001 0.051 0.960 0.053

500 1.0 −0.005 0.130 0.955 0.129 0.003 0.090 0.947 0.090
1,000 1.0 −0.004 0.089 0.959 0.091 0.003 0.061 0.965 0.063
2,500 1.0 −0.002 0.056 0.953 0.057 0.001 0.039 0.952 0.040
5,000 1.0 0.000 0.041 0.942 0.040 −0.001 0.029 0.949 0.028

Panel B: MCA violated (n = 2,500, π1 = 0.5)

2,500 0.5a 0.198 0.216 0.366 0.087 −0.079 0.106 0.794 0.072
2,500 0.5b 0.601 0.608 0.000 0.090 −0.241 0.252 0.080 0.074

Notes: 2,000 replications. Panel A: ρTY = 0 (MCA holds). Panel B: aρTY = 0.1; bρTY = 0.3. Baseline: γ = 0.4,
ρTM = 0.5, ρMY = 0.3. Cov. = empirical 95% CI coverage rate. SE = average estimated standard error.

We report bias, RMSE, 95% confidence interval coverage, and estimated standard errors for each

parameter. Table 3 presents results for the mediation parameters (θ̂, τ̂).17

Results. Under correct specification (ρTY = 0), the estimators for θ and τ are essentially unbiased

across all configurations. Coverage is close to the nominal 95% level when the instrument is moderate or

strong (π1 ∈ {0.5, 1.0}). When π1 = 0.2, the conditional first-stage is weak, leading to inflated standard

errors and overcoverage for θ̂, with correspondingly large RMSE. As expected, RMSE decreases at the

1/
√
n rate across all configurations.

Behavior under MCA violation. The bottom panel of Table 3 reports results for ρTY ∈ {0.1, 0.3} at

the baseline calibration (n = 2,500, π1 = 0.5). Violations induce bias in θ̂ (positive) and τ̂ (negative),

with opposite signs maintaining the total effect decomposition. At ρTY = 0.3, the bias is substantial and

coverage deteriorates sharply. These results highlight the importance of the diagnostic tools developed

in Section 5.

17Results for the standard IV components (π̂1, γ̂, τ̂
total) are essentially unbiased with near-nominal coverage across configura-

tions and are omitted to conserve space.
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7.3 Experiment 2: Conditional First-Stage Diagnostics

Remark 2 shows that the conditional first-stage F -statistic FMZ|T depends on ρ2TMr
2
TZ/(1 − ρ2TM ),

whereas the standard first-stage F -statistic FTZ depends only on r2TZ/(1−r2TZ). Thus, a strong standard

first stage does not guarantee a strong conditional first stage. This experiment validates this prediction

and documents its finite-sample implications.

The design fixes n = 2,500, π1 = 0.5, ρMY = 0.3, ρTY = 0, and varies ρTM ∈ {0.1, 0.2, 0.3, 0.5, 0.8},
with R = 2,000 replications.

Results. Table 4 confirms the theoretical predictions. The standard first-stage F -statistic (FTZ) is

invariant to ρTM , while the conditional first-stage F -statistic (FMZ|T ) increases monotonically with

|ρTM |, closely matching the theoretical values.

The finite-sample implications are substantial. When ρTM = 0.1, the conditional first stage is weak

(FMZ|T ≈ 5), leading to large RMSE and severely distorted inference for θ̂. As ρTM increases, estima-

tor performance improves monotonically. The transition to reliable inference occurs around ρTM ≈ 0.3

(conditional F ≈ 49), consistent with conventional thresholds. Notably, FTZ remains large throughout,

so relying on the standard first stage alone would mask this fragility.

Table 4: Experiment 2: Conditional First-Stage Diagnostics

First-Stage F -statistics Mediator Effect θ̂ (True = 0.5)

ρTM FTZ FMZ|T F theory
MZ|T Bias RMSE Cov. Cov.AR SE

0.1 622.6 5.1 [2.5, 8.6] 5.0 −0.063 6.185 0.985 0.953 26.889
0.2 624.9 20.9 [15.2, 27.7] 20.8 −0.018 0.249 0.969 0.956 0.246
0.3 627.0 49.5 [40.5, 59.5] 49.4 −0.002 0.157 0.953 0.941 0.154
0.5 625.5 167.5 [150.3, 184.5] 166.5 −0.003 0.090 0.958 0.955 0.090
0.8 624.4 887.4 [840.4, 933.7] 887.8 0.001 0.057 0.944 0.946 0.056

Notes: 2,000 replications, n = 2,500, π1 = 0.5, ρMY = 0.3, ρTY = 0. FTZ = F -statistic for T ∼ Z. FMZ|T = F -
statistic for Z in M ∼ Z + T (i.e., t2Z|T ); reported as median [IQR]. F theory

MZ|T = theoretical prediction from Remark 2. Cov. =
conventional 2SLS 95% CI coverage. Cov.AR = Anderson–Rubin 95% CI coverage.

7.4 Experiment 3: Sensitivity Analysis Calibration

Section 5.2 develops two complementary sensitivity frameworks: the R2-based approach adapted from

Cinelli and Hazlett (2024), which quantifies robustness of the conditional reduced form to omitted con-

founders, and the κ-based approach (Section 5.2.1), which directly targets the MCA assumption by

working with κ = Cov(εT , εY ). This experiment evaluates both approaches.

The design uses n = 2,500, π1 = 0.5 (K = 1), ρTM = 0.5, ρMY = 0.3, and an observed covariate

X with βX = 0.3. We conductR = 2,000 replications at each value of ρTY ∈ {0, 0.10, 0.20, 0.30, 0.50}.

κ-Based Sensitivity. Table 5 reports the breakeven values κ̂∗ and κ̂∗CI. Under correct specification

(ρTY = 0), the median breakeven is κ̂∗ = 0.249, while the CI threshold is κ̂∗CI = 0.160. These values

quantify the magnitude of violation required to overturn the estimate.
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κ-Adjusted Coverage. The final column of Table 5 reports coverage of the κ-adjusted confidence

interval (46) evaluated at the true violation κ0 = ρTY . Coverage remains close to nominal levels

(0.938–0.975) across all configurations, confirming that the adjustment recovers correct inference when

the violation magnitude is known.

Limitation of R2-Based Robustness Values. The R2-based robustness value increases with ρTY ,

from 0.008 to 0.103, implying that larger violations appear more robust. This occurs because MCA vio-

lations bias θ̂ away from zero, making it mechanically harder for reduced-form confounders to overturn

the estimate. The R2-based framework therefore does not capture violations of MCA, which operate

through the εT –εY channel rather than the Z̃–Ỹ relationship.

Complementarity. The two frameworks address different threats. The κ-based approach directly as-

sesses violations of MCA and is applicable in the K = 1 setting, while the R2-based approach captures

reduced-form confounding. Both should be reported, but only the κ-based analysis is informative about

the identifying assumption.

Table 5: Experiment 3: Sensitivity Analysis Calibration

κ-Based Sensitivity Conventional R2-Based

ρTY κ Med. κ̂∗ Med. κ̂∗CI Cov.κ Bias(θ̂) Cov. Med. RV

0 0 0.249 0.160 0.958 −0.003 0.958 0.008
0.10 0.10 0.351 0.266 0.946 0.200 0.363 0.017
0.20 0.20 0.449 0.365 0.938 0.402 0.002 0.029
0.30 0.30 0.550 0.462 0.957 0.601 0.000 0.046
0.50 0.50 0.752 0.647 0.975 1.007 0.000 0.103

Notes: 2,000 replications with n = 2,500, π1 = 0.5, ρTM = 0.5, βX = 0.3. κ = Cov(εT , εY ) = ρTY (unit-variance
errors). Med. κ̂∗ = median breakeven (43): the minimum κ needed to reduce θ̂ to zero. Med. κ̂∗

CI = median CI breakeven (44):
the minimum κ to bring the 95% CI to include zero. Cov.κ = coverage of the κ-adjusted CI (46) at the true κ0 = ρTY . Cov.
= conventional 95% CI coverage. Med. RV = median RV1,0.05(θ̂) from the R2-based framework; RV increases with ρTY

because the biased estimate is further from zero, making it mechanically harder to overturn (Appendix F).

Visual Summary. Figure 1 plots the bias in θ̂ and the 95% CI coverage rate as ρTY increases. Bias

increases approximately linearly, while coverage deteriorates rapidly, falling below 40% by ρTY = 0.1.

The breakeven values in Table 5 provide a direct way to assess whether such violations are plausible in

practice.

7.5 Experiment 4: Specification Test Size and Power

We evaluate the size and power of the J-test (139), the t-test (140) targeting the MCA moment, and the

likelihood-ratio (LR) test (40) when additional instruments are available (K ≥ 2).

Consistent with the rank-condition discussion in Section 5.1, test power requires instruments that

provide variation inM beyond the indirect channel through T . The design usesK = 2 instruments with

π1 = 0.5 and π2 = 0.3, and augments the mediator equation with a direct instrument effect ϕ = 0.3,

yielding one degree of overidentification from the MCA moment. We fix n = 2,500 and R = 2,000

replications. To assess size, we set ρTY = 0; to assess power, we vary ρTY ∈ {0, 0.10, 0.20, 0.30, 0.50}.
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Figure 1: Bias and Coverage under MCA Violations
Notes: 2,000 replications at each grid point, n = 2,500, π1 = 0.5, ρTM = 0.5. Panel (a): bias in θ̂ (solid black)
with theoretical prediction ρTY /ρTM (dashed gray). Panel (b): empirical 95% CI coverage rate (solid red) with
nominal level at 0.95 (dashed gray).
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Size. Under MCA (ρTY = 0), all three tests reject at rates close to their nominal levels, confirming

correct calibration.

Power. Table 6 reports rejection rates as a function of ρTY . Power increases monotonically in |ρTY |,
reaching near-complete rejection by ρTY = 0.20. With one degree of overidentification, the J-statistic,

squared t-statistic, and LR statistic are numerically identical, so we report a single rejection rate.18

κ̂ Estimation. The LR test also delivers a point estimate κ̂ of Cov(εT , εY ) and a confidence interval.

Under MCA, κ̂ is centered at zero with nominal coverage. Under violations, κ̂ tracks the true covariance

with negligible bias and near-nominal coverage, providing a direct measure of departure from mediated

confounding.

Table 6: Experiment 4: Size and Power of Specification Tests

Rejection κ̂ Diagnostics

ρTY Rate at 5% Bias(κ̂) RMSE(κ̂) Cov.(κ̂)

0 0.042 0.000 0.043 0.958
0.10 0.631 0.000 0.043 0.961
0.20 0.998 −0.002 0.043 0.958
0.30 1.000 −0.001 0.043 0.959
0.50 1.000 0.001 0.045 0.957

Notes: 2,000 replications with n = 2,500, K = 2 instruments (π1 = 0.5, π2 = 0.3, ϕ = 0.3). Baseline: γ = 0.4, θ = 0.5,
τ = 0.3, ρTM = 0.5, ρMY = 0.3. Overid dof = 1 (Section 5.1). With one degree of overidentification, the J-test, t2-test,
and LR test are numerically identical χ2(1) statistics; a single rejection rate column is reported. Cov.(κ̂) = empirical 95% CI
coverage rate for κ̂.

7.6 Comparison with the Two-Instrument Benchmark

We compare the one-instrument (mediated confounding) approach with the two-instrument approach of

Frölich and Huber (2017a). The two-instrument approach uses Z1 as instrument for T and an indepen-

dent Z2 as instrument for M , estimating (τ, θ) by 2SLS of Y on (T,M) with instruments (Z1, Z2).

The DGP extends the baseline by adding a direct instrument forM : Mi = γTi+ϕZ2i+εi,M , where

Z2i ∼ N (0, 1) is independent of Z1 and of all errors. We set ϕ = 0.5, n = 2,500, and R = 2,000.

Table 7 shows that both approaches are essentially unbiased with near-nominal coverage. The two-

instrument estimator has smaller standard errors for θ̂, reflecting the stronger first stage for M provided

by the direct instrument. The one-instrument estimator has slightly smaller standard errors for τ̂ , as it

exploits the additional moment condition E[εT εY ] = 0. The relative efficiency depends on the strength

of the direct instrument (ϕ) and the collider mechanism (ρTM ), and should be interpreted as illustrating

the trade-off between assumption strength and statistical precision.

7.7 Robustness to Non-Gaussian Errors

The experiments above use Gaussian errors. Since identification relies on linearity and mean indepen-

dence (E[εT εY ] = 0), not normality, we examine performance under heavy-tailed error distributions.

18This equivalence holds only when the overidentification degree of freedom equals one. With K ≥ 3, the tests diverge in
finite samples, as the t-test targets the MCA moment while the J-test pools across all restrictions.
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Table 7: Comparison: One-Instrument vs. Two-Instrument Estimators

Mediator Effect θ̂ (True = 0.5) Direct Effect τ̂ (True = 0.3)

Approach Bias RMSE Cov. SE Bias RMSE Cov. SE

One-IV (MCA) −0.002 0.090 0.953 0.091 0.002 0.073 0.954 0.075
Two-IV (F&H) −0.001 0.041 0.946 0.040 0.001 0.044 0.945 0.043

Notes: 2,000 replications, n = 2,500. One-IV uses Z1 as instrument for M conditional on T (Section 4.2). Two-IV uses
(Z1, Z2) as instruments for (T,M), with Z2 entering the mediator equation directly (ϕ = 0.5).

We replace the Gaussian error vector with a multivariate Student-t distribution with ν degrees of

freedom, preserving the same correlation structure Σ as in the baseline DGP.19 We consider ν = 5 and

ν = 3, both under MCA (ρTY = 0) and under a moderate violation (ρTY = 0.1), using the baseline

configuration (n = 2,500, π1 = 0.5) with R = 2,000 replications.

Results. Table 8 reports the results alongside the Gaussian baseline. Under t(5) errors, the estimator

remains essentially unbiased, but coverage for θ̂ falls below nominal levels due to increased sampling

variability relative to Gaussian-based standard errors. Under t(3) errors, estimator performance de-

teriorates substantially, reflecting the sensitivity of 2SLS to very heavy tails. Under MCA violation

(ρTY = 0.1), bias is similar across error distributions, confirming that the asymptotic bias formula

θ̂ − θ ≈ ρTY /ρTM is distribution-free. These results suggest that, in heavy-tailed settings, robust or

bootstrap inference should be used.

Table 8: Robustness to Non-Gaussian Errors

Mediator Effect θ̂ (True = 0.5) Direct Effect τ̂ (True = 0.3)

Errors ρTY Bias RMSE Cov. SE Bias RMSE Cov. SE

Panel A: MCA holds (ρTY = 0)

Normal 0 −0.003 0.089 0.958 0.090 0.002 0.073 0.953 0.074
t(5) 0 −0.004 0.105 0.916 0.091 0.002 0.078 0.951 0.075
t(3) 0 0.098 4.335 0.712 4.013 −0.036 1.647 0.869 1.556

Panel B: MCA violated (ρTY = 0.1)

Normal 0.1 0.197 0.215 0.374 0.087 −0.078 0.106 0.797 0.072
t(5) 0.1 0.202 0.225 0.356 0.087 −0.082 0.109 0.784 0.071

Notes: 2,000 replications, n = 2,500, π1 = 0.5, ρTM = 0.5, ρMY = 0.3. Multivariate t(ν) errors preserve the same
correlation structure as the Gaussian baseline; the scaling ensures unit marginal variance. Cov. = empirical 95% CI coverage
rate. SE = average estimated standard error.

Summary. The comparison in Section 7.6 confirms that the one-instrument approach, under mediated

confounding, achieves performance comparable to the two-instrument benchmark—without requiring a

second instrument that directly shifts the mediator. The practical advantage is clear: the one-instrument

design applies whenever a valid instrument for the treatment is available, which is vastly more common

in empirical settings than having separate instruments for both the treatment and the mediator. The

cost is the additional assumption of mediated confounding (ρTY = 0), which can be evaluated using

19Specifically, (εT , εM , εY )′ = u/
√
V/ν, where u ∼ N (0,Σ · (ν − 2)/ν) and V ∼ χ2(ν) independently, yielding unit-

variance t(ν) marginals.
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three complementary diagnostics: the κ-based sensitivity analysis (Experiment 3), which quantifies

how large a violation is needed to overturn the result; the R2-based robustness values (Experiment 3),

which bound reduced-form fragility to omitted confounders; and the specification tests (Experiment 4,

requiring K ≥ 2), which directly test κ = 0. The robustness check in Section 7.7 confirms that the

method’s validity extends beyond the Gaussian case to heavy-tailed error distributions, consistent with

the theoretical requirement of mean independence rather than full independence.

8 Empirical Applications

In this section, we apply our IV mediation estimator to previous studies in the literature to showcase the

utility of the estimator but to also highlight the relevance of the diagnostic statistics we provide. Table 9

reports the IV mediation estimates for five papers, as well as two applications that were used by Frölich

and Huber (2017b). All papers and key variables are described in more detail in Appendix I.

Our first application is the study of Weber’s Protestant work ethic hypothesis tested by Becker and

Woessmann (2009). Using county-level data from Prussia on income taxes as a measure of economic

prosperity, the share of Protestants as the treatment, and distance to Wittenberg as the instrument, they

find a positive effect of Protestantism on taxes. Through a series of bounding exercises and 3SLS regres-

sions, Becker and Woessmann (2009) argue that education mediates the entire effect of Protestantism

on income taxes. Our IV mediation estimator reaches a similar conclusion. Our τ̂ total replicates their

main 2SLS result exactly (cf. Table V, column 4). The decomposition exhibits inconsistent mediation,

with direct and indirect effects of opposite sign. The estimate τ̂ direct, which captures the residual effect

of Protestantism on income taxes holding literacy fixed, is negative and statistically insignificant, while

θ̂γ̂, which captures the effect operating through literacy, is positive and larger than the total effect. The

positive total effect is thus entirely accounted for by the education channel.20

Interestingly for us, several quantities in Table 9 compare to different exercises in Becker and Woess-

mann (2009). Their Table III, column 2 regresses the share literate on the share Protestant, instrumenting

Protestantism with distance to Wittenberg. This is equivalent to estimating γ̂, the effect of treatment on

the mediator, for which they find a coefficient of 0.189 (s.e. = 0.028), compared to our estimate of 0.188

(s.e. = 0.027). In their 3SLS exercise in Table VIII, column 3, they find an effect of instrumented literacy

on income taxes of 3.242 (s.e. = 1.169). This is analogous to estimating the effect of the mediator on the

outcome, θ̂, and compares to our estimate of 4.709 (s.e. = 2.164).21 Multiplying their estimates yields an

implied indirect effect of 0.609, compared to our estimate of 0.886. This showcases how several tables

in their paper are neatly summarized and rationalized by a single causal IV mediation estimator. In addi-

tion, their application generates strong instruments in both first stages and a very robust ρ̂∗TY break-even

point, which would require a sizable MCA violation.

The next two replications are Autor et al. (2020) and Dippel et al. (2022), which study the political

consequences of trade-induced labor-market shocks in the United States and Germany. For Autor et al.

(2020), our exercise is not an exact replication of their main paper because we augment their county-

level political specification with a post-treatment mediator: the change in manufacturing employment

20The residual non-education channel, if anything, points in the opposite direction. This reinforces Becker and Woessmann’s
interpretation that Protestant economic advantage operated through human capital rather than a direct work-ethic effect.

21Unlike our estimator, their 3SLS system does not estimate the effect of the mediator on the outcome while directly controlling
for Protestantism.
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share from 2000 to 2007, taken from the original China-shock study in Autor et al. (2013). For Dippel

et al. (2022), we use their Kreis-level stacked panel and the change in employment in trade-dependent

manufacturing sectors as the mediator.22 In both settings, the IV mediation estimator delivers a quali-

tatively similar conclusion: import competition increases support for right-wing parties, and this effect

is largely or entirely mediated by labor-market disruption. Despite differences in country context, out-

come measurement, treatment scaling, and geographic units, the decomposition is remarkably consistent

across the two applications. In the U.S. case, the labor-market channel more than accounts for the total

effect, implying a negative residual direct effect. In the German case, the indirect effect is approximately

equal to the total effect and the direct effect is close to zero. Thus, across two distinct trade-and-politics

settings, the IV mediation estimator summarizes the evidence in a common way: the political response

to import competition operates primarily through adverse local labor-market consequences rather than

through residual direct channels.

Application four is based on work by Devoto et al. (2012). They study demand for private household

water connections in Morocco when connections can be financed through credit. Here, Y is an indicator

for whether the household reports that life improved after 24 months, T is take-up of a private water

connection, Z is assignment to treatment, and M is a leisure and social well-being index. This applica-

tion provides a useful contrast to the previous cases: while the total IV effect is positive and precisely

estimated,23 τ̂ total = 0.348 (s.e. = 0.057), the estimated mediator effect is close to zero, θ̂ = −0.034
(s.e. = 0.691), yielding a negligible indirect effect of −0.002 (s.e. = 0.049). Instead, the direct effect,

τ̂ direct = 0.351 (s.e. = 0.036), is nearly identical to the total effect. The conditional mediator first stage

is relatively weak, FMZ|T = 5.21, so the absence of a mediated effect should be interpreted cautiously.

Nevertheless, the decomposition provides little evidence that the measured leisure and social well-being

index mediates the effect of private water connections on reported life improvement; the estimated effect

is driven almost entirely by the direct channel.

The next application is Arnsbarger et al. (2026), who study whether women’s labor-market participa-

tion enabled political mobilization after the U.S. Civil War. Here, Y is an indicator for Temperance Cru-

sade protest activity in 1873, T is the standardized share of disabled or wounded Union Army veterans,

Z is the share of soldiers excluded from combat, and M is standardized female labor-force participation

in 1870. The IV mediation estimator delivers a conceptually natural result: the total effect is positive,

τ̂ total = 0.038 (s.e. = 0.010),24 the direct effect is essentially zero, τ̂ direct = −0.002 (s.e. = 0.005), and

the indirect effect through female labor-force participation accounts for the full effect, θ̂γ̂ = 0.040 (s.e.

= 0.011). Both first stages are reasonably strong, with FTZ = 422.02 and FMZ|T = 12.65. The result

is somewhat less robust than Becker and Woessmann according to ρ̂∗TY , but still provides clear evidence

of a plausible mediated channel.

The final two applications revisit the empirical illustrations in Frölich and Huber (2017b). Their

paper studies mediation using two distinct instruments, one for the treatment and one for the media-

tor, whereas our estimator uses a single instrument. Despite this difference, we recover qualitatively

similar conclusions. In the BHPS application, where the treatment is education, the outcome is social

functioning, and the mediator is income, Frölich and Huber (2017b) estimate a LATE of 3.272, a para-

metric direct effect of 3.397, and a parametric indirect effect of −0.029. Our estimates are similar in

22Our τ̂ total estimate replicates the result in their Table 1, column 5.
23Our τ̂ total estimate replicates the result in their Table 11, panel b, column 4.
24Our τ̂ total estimate replicates the result in their Table 6, column 4.
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interpretation: τ̂ total = 3.274 (s.e. = 1.037), with most of the effect operating through the direct chan-

nel, τ̂ direct = 2.609 (s.e. = 2.024), rather than through income, θ̂γ̂ = 0.665 (s.e. = 1.953). In the Job

Corps application, Frölich and Huber (2017b) estimate a LATE of 12.797, a parametric direct effect of

−0.824, and a parametric indirect effect of 13.188. We find the same qualitative pattern: the direct effect

is close to zero, τ̂ direct = −0.410 (s.e. = 18.243), while the indirect effect, θ̂γ̂ = 12.956 (s.e. = 21.567),

is nearly identical to the total effect of 12.546. The main caveat is that neither application has a strong

conditional first stage for the mediator, with FMZ|T = 1.43 in BHPS and FMZ|T = 0.15 in Job Corps.

The sensitivity diagnostics also suggest that the BHPS result is more robust than the Job Corps result,

with ρ̂∗TY = −0.220 compared to −0.015. Thus, although our estimator uses only one instrument, it

reproduces the qualitative conclusions of their two-instrument mediation applications: income does not

mediate the education effect in BHPS, whereas hours worked account for the Job Corps earnings effect.

Table 9: IV Mediation Applications to Other Papers

Becker &
Woessmann

(2009)

Autor
et al.

(2020)

Dippel
et al.

(2022)

Devoto
et al.

(2012)

Arnsbarger
et al.

(2026)

Froelich &
Huber
(2017)
BHPS

Froelich &
Huber
(2017)

Job Corps
(1) (2) (3) (4) (5) (6) (7)

Panel A: Mediation estimates

τ̂ total (Wald) 0.586 1.588 0.092 0.348 0.038 3.274 12.546
(0.242) (0.857) (0.044) (0.057) (0.010) (1.037) (6.116)

τ̂ (direct T → Y ) −0.299 −0.955 −0.002 0.351 −0.002 2.609 −0.410
(0.214) (0.547) (0.033) (0.036) (0.005) (2.024) (18.243)

θ̂ (mediator→ Y ) 4.709 −1.024 −3.927 −0.034 0.304 −0.000 6.676
(2.164) (0.443) (1.845) (0.691) (0.117) (0.000) (10.631)

γ̂ (T → mediator) 0.188 −2.483 −0.024 0.071 0.131 −1654.289 1.941
(0.027) (0.398) (0.009) (0.034) (0.031) (6191.048) (0.744)

θ̂γ̂ (indirect) 0.886 2.542 0.094 −0.002 0.040 0.665 12.956
(0.408) (1.110) (0.059) (0.049) (0.011) (1.953) (21.567)

Panel B: Diagnostics

FTZ (standard) 75.69 82.13 64.33 407.44 422.02 26.27 6,046
FMZ|T (conditional) 16.36 31.20 8.93 5.21 12.65 1.43 0.15

Panel C: Sensitivity

ρ̂∗TY (break-even) −0.257 −0.169 −0.095 0.003 −0.096 −0.220 −0.015

n 426 3,107 730 788 8,882 3,428 4,603
Clusters — 722 93 592 202 — —

9 Conclusion

When a valid instrument identifies the total effect of a treatment T on an outcome Y , can the same

instrument decompose that effect into a direct component and an indirect component operating through

a mediator M? The answer is negative under standard IV assumptions (Section 2), but affirmative under

the mediated confounding assumption—the requirement that the unobserved determinants of treatment
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be independent of the unobserved determinants of the outcome (εT ⊥⊥ εY ), while allowing the mediator

error to correlate freely with both (MCA (14)).

The mediated confounding assumption generates two key properties: conditional exogeneity and

conditional relevance of the instrument for the mediator given treatment (Proposition 1 and Section 3).

In the linear model, these properties deliver closed-form identification of all mediation parameters via

four moment conditions (Theorem 1), and the mediation decomposition is internally consistent with the

standard Wald ratio (Corollary 1). The analysis extends to nonlinear settings through the local instru-

mental variable approach, where mediation effects are identified by the second derivative of conditional

expectations with respect to the propensity score (Theorem 2), and to the binary instrument case through

a conditional Wald ratio that identifies a local mediator effect within each treatment stratum under MCA,

treatment monotonicity, and a compositional mediator monotonicity condition weaker than the standard

requirement M(1) ≥M(0) (Theorem 3).

The method has several practical advantages. It requires only one instrument—the same one already

used for the treatment effect. It permits both T and M to be endogenous, avoiding sequential ignorabil-

ity. It ensures that direct and indirect effects correspond to the same complier population. And it can be

implemented using standard 2SLS software. We complement the estimator with specification tests for

mediated confounding under overidentification and a sensitivity analysis—based on robustness values

adapted from the omitted variable bias framework—that applies even with a single instrument.

The mediated confounding assumption is restrictive, and the diagnostic and sensitivity tools devel-

oped in Section 5 are essential for assessing its plausibility in any given application. A further practical

concern is that the conditional first stage is powered by the collider mechanism rather than by a di-

rect instrument-mediator channel, making the method more susceptible to weak instrument problems

than standard IV. Applied researchers should report the conditional first-stage F -statistic alongside the

robustness values to assess whether sufficient variation is available for reliable inference.

Several extensions merit further investigation. The approach currently handles a single mediator;

extending it to multiple, possibly sequential mediators would broaden applicability to settings with com-

plex causal chains. Developing nonparametric or semiparametric estimators for the second-derivative

identification result—and characterizing their finite-sample properties—is an important next step. Ap-

pendix H shows that the linear identification result extends to settings with high-dimensional candidate

controls through a quadruple-LASSO post-double selection procedure: four parallel LASSO regressions

select the relevant components of a rich expansion of the controls for Y , T , M , and the instrument Z,

and the resulting post-selection 2SLS preserves
√
n-consistency, asymptotic normality, the conditional

first-stage diagnostics of Remark 2, and the κ-based sensitivity analysis of Section 5. The framework is

fully compatible with cross-fitting in the sense of Chernozhukov et al. (2018).
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